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ABSTRACT ^ . 

This document is intended to provide a standard for 
assessing the quality of the mathematics program, and is a guide for 
-NDlanning and implementing* improvements in a schools program. The: 
instructors and admin i strators who use the guide, are viewed as the 
critical and final links in a unique chain that connects what is / 
known about high quality mathematics programs with what happens to 
students in the classroom. It is noted, that the handbook is, the 
result of many hours of intense discussion, writing, and reactions of 
mathematics educators froin throughout California. The material is 
subdivided into the following major parts: (1) Introduction; (2) The- 
Content of the Mathematics Program (What Students Learn); (-3) The 
Methods of Teaching Mathematics (How Students Learn); (4) Support for 
Implementation of a Quality Mathematics Program; and (5) Planning for 
the Improvement of the Mathematics Prograip. A majpr factor in the 
development of the guide was the participation of Professor George 
Polya, whose work was looked upon as the foundation^of contemporary 
mathematics learning. It' is noted that many o£ the concepts Professor 
Polya shared with the handbook writing committee were incorporated in 
descriptions of what constitutes high quality programs. (MP) 
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T9lTORtAL NOTE ABOUT THE COVER: the builders of 
the Golden Gate Bridge created an enginccrirtg triumph that 
wedded mathematics and art* in a breathtaking union- The ^ 
graceful catenary curve of the suspension cables is given by 

where fl is a constant th^t determlncs-lhe amount of ^sag/ The 
added weight of the vertjcal support cables and the roadbed 
■Structure resulted in a modifioition of the catenary curve. One 
lihould note that the mathcnutical tools available during the 
llesign and construction of the bridge (1937) did not permit a 
level of accuracy expected in today's c*mputeri/ed world. 
Nevertheless, none of the precalcUlated and prec^t. vertical support 
cables was more than 15 centimetres off a perfect fir. 

One of the toughest mathematical problems solved in the design 
of the bridge involved the .stresses and forces acting on the 
towers. This problem required 'the solution of 33 simultaneous 
linear equations in as many unknowns, using paper and pencil 

only! . ' / 

For more mathematical information about the Golden Gate 
* Bridge, write to Chief Engineer, Golden Gate Bridge District, 
P.O. Box 9000* San Francisco, CA 94129, ^ 
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You who read and use The Handbook for Planning an 
Effective Mathematics Program in your schools arc the critical 
and final links In a unique ch^in that connects what is known 
about high quality mathematics programs with what happens 
to students in mathematics classrooms. To make full use of 
the power of this chain, you should be fami|jar with all its 
links. 

One link we arc proud to forge into the Chain is the 
valuable influence of the cminertt mathematician and educator, 
George Polya. His many books and expositions on under- 
standing, learning, and teaching problem Solving through 
mathematical discovery over the past half-century are now 
recognized as the foundation of contemporary mathematics 
learning. During the development of the handbook. Professor 
Polya honored us with several hours of interaction with the 
handbook writing committee and shared many profound 
concepts, which the committee incorporated into its description 
of high quality (nathematics programs. 
"^Another link ift the chain is the power of community 
involvement in planning, developing, and implementing the 
educational program of the local school. If you are concerned 
with the mathematics program in your local school, then, 
regardless of your mathematics training and abilities, this 
handbook was prepared for your use. 

New .staff development opportunities, teacher-center 
programs, and mathematics teachers organizations, such as the 
California Mathematics Council, are other important links in 
the chain, They have demonstrated their value to the chain by 
bringing to teachers of mathematics an awareness of, and the 
teaching skills necessary to meet, the learning needs of citi/ens 
of the technological society of the twenty-first century. 

You will find other links described in the handbook, but 
another word about your involvement is appropriate. You arc 
the final link in the improvement of the mathematics program 
in your local school. You parents, teachers, school admin- 
istriitors, members of the school community, 
counselors, and students must be committed to 
quality education. 1 encourage you to use this 
handbook for assessing, planning, developing, - 
and delivering a high quality mathematics 
program in order to help today\s students 
lace the challenges of tomorrow. 



You who UMi* the Handbook for 
Planning an Effective 
Mathematics Program dte th** 
rriticai and final UnkM in a 
unique chain that ronnpctn what 
M known, about high quality ^ 
mathematics programs unth what 
happens to $tudentn in 
mathematics classrooms. 



SufH'rmtvndi'nt al PuHu In^triuiion 





ThU handbook providex a 
standard for aMseMsing thv quality 
oj thv mathematicM program, and 
it in a guide for planning and 
implementing improvementM in 
the 3vhoorM mathematics 
program* 



The California State Department of Education has 
consistently encouraged all members of the school community 
to participate in the process for improving school programs. 
In keeping with that policy, the Department is providing 
leadership and assistance to school communities in Califorjiia 
by preparing a series of handbooks that focus on the 
curriculum in specific subject areas. This Handbook for 
Planning an Effective Mathematics Program is the fourth in 
that series. Handbooks in science, writing, and reading are 
already in print. 

This handbook and those Jn the other curricular areas are 
addressed to all individuals and groups that wish to review^ 
and improve educational programs. However, the documents 
are addressed more specifically to those persons at school site 
levels who plan and implement curricula: teachers, school 
administrators, curriculum specialists, parents and other 
members of the community, and students.^This handbook 
provides a standard for assessing the quality of the 
mathematics program, and it is a guide for planning and 
implementing improvements in the schooPs mathematics ^ 
program. We believe that these handbooks are unique' in 
providing assistance without being overly technical; however, 
we encourage the reader to supplement these handbooks with 
other documents, such as the state curriculum frameworks, the 
county superintendents' Course of Studyr i^ind district 
curriculum guides. 

We sought the valuable assistance and advice of many 
knowledgeable people in the dcvcU)j2ment of this handbook. 
Many of them are identified in the acknowledgments, but 
there were countless Others who reviewed preliminary drafts 
and made valuable suggestions. 

We will not know the ways this document has proven its ^ 
value until many of you have had the opportunity to use it.' 
We sincerely urge those of you who^do so to inform us of its 
Strengths and weaknesses. Please direct your response to the 
Instructional Services Section, California State Department of 
Education, 721 Capitol Mall, Sacramento, CA 95814. 

I)AV|S W* ( AMJ'IH I 1 
t)rput \ Supvrinitriiti'hl 
/or rraj^nmiK 
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Introductioii 



Mathematics, cornerstone of th'c^sciehccs, is an absolute 
hccessiiy for those who h\x in today's society. People use 
some application of mathematics every day and continually 
rely on a multitude of human services without ever realizing 
that those services are made possible through the power of 
mathcmaticSw 

Most jobs now require mathematical skills. Indeed, the 
mathematics required in many jobs is becoming increasingly 
sophisticated. It is well known that science and engineering 
rely heavily on mathematics. What is less well known is that 
the mathematics of calculus is now required for studying 
medicine, architecture, business adijiinistration, and forestry, 
f'ven in accounting, where arithmetic skills have always been 
fundamental, advanced mathematical techniques, such as the 
theories of probability and linear algebra, arc often necessary. 

To prepare students for life in today's highly technical 
society, their mathematical training must include arid go far 
beyond providing training in the simple skills of counting, 
computing, putting numbers into formulas, and even solving 
equations. Learning onlx' rote mathematical rules ill equips 
students to apply those rules to solve problems outside the 
classroom. Instead, the mathematics curriculum must focus on 
what mathematical concepts mean, how they are related, and 
where they apply. Most importantly, all mathematics concepts 
must be taught in such a way that students understand their 
application in day-to-day living and their value in various 
careers and vodations. 

Furthermore, students should develop an understanding of 
Other purposes served by mathematics. Mathematics is not just 
a tool for solving problems related to science and daily living; 
mathematics is a science in its own right. It is also one of the 
humanities one which has captured and stimulated the most 
creative minds all through the ages; it is the most precise of 
languages one that is continually growing in order to 
accommodate new ideas and solve new problems; and it is a 
form of mental recreation that completely fascinates and 
absorbs the mind. It is important that all students, .both 




Mathemat ical training mu$t 
include and go far hvyond 
providing training in the simple 
jikiiin of counting, computing, 
putting numbers into formula^, 
and even solving equations. 



elementary and high school, understand this broad spectrum 

of mathematics. . . 

Computer technology was born suddenly in this generation 
and has drawn on thc'full spectrum of mathemaiics. Com- 
puters have reduced much of the drudgery ol life, while 



hllv It M not nvcessary Jor 
ryone to knoiv How computers 
toorki tt is important that 
tudenti understand what the 
computer can do for them- 




increasing the amount of needed mathematical knowledge and 
facility. Anyone who handles money, makes either long-term 
or short-term purchases, invests in stocks, or uses charge cards 
must be fully aware of (lie increasing computeri/ation of 
society. While it is not necessary for everyone to know. How 
computers work, it is important that students understand what 
the computer 'can do for them. Above all, the mathematical 
processes for solving problems must ultimately prepare stu- 
dents to think rationally m the face of challenging situations. 



The Hamlhook for Planning an Effective Mathenwiks 
Program was designed as a tool for assessing and improving a 
schoor.s mathematics program, ft identifies and explain^ the 
essential components of a high quality program. In caqjj-of 
the followint parts of the handbook, one of the majcy 
compon^ftK :)f program planning is analyzed" the c(>iiiiHTrpf 
the mathematics program (what students learn); the methods 
of leaching mathematics {how students learn); and support for 
implementation of a qualilry mathematics V^g*"^"^ (^^^ 
necessary preparation for learning to lake place). 

Fach component is further divided into essential program 
elements; that is, the characteristics of exemplary mathematics 
programs. The effects of these characteristics on student 
understanding, attitudes, and achievement are discussed, thus 
establishing a guide forjudging the quality of mathematics 
programs. Any program that is considered to ^bc exemplary 
will exhibit all these characteristics. 



TNr Use of Ibje Hindbook 



I he handbook should be read ro gam an understanding of 
the charactensties oi exemplary mathematies programs and (or 
an overall perspeetive on how these should be eombined to 
provide a well-miegraied and welkiesigncd program. Ihc 
handbook includes illustrative examples oi the characier!>stics, 
v^hich. arc lollowed b> a series of questions that indicate what 
t() look tor in asses^'^ing the qualn\ of a schools mathematics 
progra'nii 

I he questions that appear throughout the handbook should 
nm be answered simph \cs or no I! the answer is *'ves/' it is 
iniptutant w idenli(\ "^lo what degree*' 11 the answer is "no," 
It IS irnpoftani to know "v^hy.*' The man)i questions arc 
ouihned in a checkhst ai the conclusion ot the handbook 
{page 5^) I his "Checklist ioi Assessing the QuaiU\ o( a 
SchoolN \iathefnatKs I'rogranr challenges observers and 
planners ii> anal\/e a matheniatics pri>gram and to discuss the 
steps that need io be t.ik^*n next In order to respond 
a^iequatelv [0 the Hems in the checklist, it will be necessars 
lor users ot the handbook to observe classroom activities, 
inierMcN^ students, teachers, and others, and re\iew textbooks^ 
and otiHU mstr u<.tional nuUenals 

Alih(>ugK^^ handbook vsiU be uselul lor mathematics 
speeialists. 'itVas designed specdicallv lor groufs or 
individuals. siVh as schtu)! site councils and sclu)i>l personnel 
who ha%e the*rcsponsibilU\ for assessing, impro\ing, 
dc\clopifig, orjTiakmg decisions ^iboui maihemafics programs 
One ot the principal goals ol the handbook is to make 
niatheinatKs education a schoolvMde concern, not lust the 
province nt those who ate most e\penenced in nuuhemaius 
insuuction Iheretorc, beciiuse the intended audience inchules 
teachers Irom diderent disciplines, parents, communii\ 
members, and students, ihe writers ol the handbook avoided, 
whenever possible, technictil language 
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data roiiid h** Mtorrd 
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work of thin h rill tan t 
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nprrial wiring that had hovn 
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thv ntagr wa» nvt for df*Mtgninf( 
mo*d*'rn computvm 
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School planning tehms for 
improving mathematics programs 
will jind useful information in 
the analyses provided by the 
California Assessment Program. 
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School planning team5;for improving mathematics programs 
will find useful infbrmatfpn in the analyses provided by the 
California Assessment Program (GAP). Through the CAP,, the 
attainment of students in the basic skills of reading, language, 
and mathematics is measured aniju^lly in the public elemen- 
tary and secondary schools in California, CAP focuses 
oh the effectiveness of school-level programs and provides , 
information to program planners about the relative strengths 
and weaknesses of each school's basic skills programs. CAP 
w^s not designed to assess the progress of individual students. 

Program planners should also consult iht Mathematics 
Framework and the 1980 Addendum for California Public ^ 
Schools.hht county superintendents' Course of Study,^ and the 
Department of Education's school improvement publications: 
(See page 69 of this handbook for a list.) * 

Another valuable source of information -is the National 
Council of Teachers of Mathematics. One of its publications. 
An Agenda for Action: Recommendations for School 
Mathematics of the ]980*s,^ provides a valuable perspective on 
new directions in mathematics education. t. 



^Course of Study: A Program Planning Guide for Grades Kinderg^frren Through 
Twelve, 1981-84. Hay ward, Calif.: Office of (he Alameda County Superintendent of 
Schools, 1981. 

Mrt Agenda for Action: Recommendations for School Mathematics of the I980's. 
Rcston, Va.: National Council of Teachers of Mathematics, 1980. 
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•The Content of the 
Mathematics Program 

(What Stiidents L^arn) 



If a schooTs goal is to help students acquire the ability to 
function effectively in today's rapicHy changing srociety7 a"^ 
quality mathematics program will include activities that build 
the students' confidence in dealing with situations requiring 
mathematical skills. Furthermore, in a high quality program, 
.students will be taught Irertain mathematical processes and 
learn why and under what conditions they should use each 
process. 

The understanding of mathematics begins with a 
development of the skills a person needs to^^communicate 
mathematical ideas, so this discussion of the content of 
mathematics begins at that point. Mathematics specialists have 
'identified the fcfllowing elements as essential to developing a 
comprehensive mathematics program that will provide students 
with the skills, knowledge, and values^hey need to understand 
and use mathematics successfully: 

• The language of mathematics. Students develop fluency in 
using the language of mathematics so that they are able 
to apply their mathematical skills in other settings and to 
communicate with others using mathematical terminology. 

• A comprehensive njgthematics curriculum. Through a 
comprehensive curriculum, students are given oppor- 
tunities to develop mathematical skills and concepts 
that build on one another, relater^to possible career and 
life situations, and meet their diverse learning needs. 

• Computing skills. Students acquire computin^kills in the 
C4>ntext of their day-to-day experiences and through 
interesting activities. 

^ Problem solving and application. Students are provided 
regular practice in solving problems so that they learn 
problem-solving strategies and critical thinking skills while 
developing an understanding of the practical uses of 
: mathematics. 



Perhaps the most well-known 
mathematical formula of 
modern times was the result of 
A lbert Einstein s discovery that 
the amount of energy contained 
in an object is related to its 
mass: E = mc^. i 




AI.BERT EINSTEIN 

t«7<) 19.55 
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The Langaage of Mathematics 



**fl^'/iof you have been obliged to 
discover by yournelf leaves a path 
in your mind which you can use 
again when the need arisen," 

hH()\i AI'HORISMK.N liY G C I K HTESHEHC 
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Students should never, learn computing skills as unrelated . 
facts or be unable to use those skills to solve real problems. 
A student's inability to use mathematical skills comfortably is 
, probably because mathematics does not really "make sense";, it 
is merely a series of unrelated rules. A^good mathematics 
instructor creates the "sense" by giving students opportunities 
to see that mathematical symbols 'are not just "things to be 
manipulated according to mysterious rules. Rather, students 
become fluent in mathematics when they learn to use the 
symbols and terms to record and communicate the ideas of 
mathematics. 

The' language of mathematics helps students translate the 
elements and the relationships of those elements in a problem 
situatiofi into mathematical symbols that yield a solution 
through mathematical procedures. In an effective proglram, 
teachers take t4ie mystery out of roathcmatics by demonstrating 

that every step in a mathematical procedure has elcar^ — 

justification and meaning. 

FlueiM^y in the Language of Mathematics ^ 

When learning a foreign .language, students study vocabulary 
and grammar and practice translating from the familiar to the 
foreign and bapJc again. The eventual goal is to be fliient in 
the foreign liSnguage and to be able to think in it. Students 
may follow a similar process as they become fluent in the 
language of mathematics. 

The "grammar" of mathematics involves the use of symbols 
and terms, A sentence in mathematics may include combi- 
nations of numbers,, operational symbols, parentheses, and' 
defined terms. It is as important for students of mathematics 
to understand and usi: these terms as it is to learn the syntax 
of a language. For example, elementary students should be 
able to explain what "!/2 of something" means, In high school 
algebra, students should be able to explain that 2.v + / - 5 is . 
not just a .mathematic;il expression, but that it represents a 
-series of operatioris performed on some number; namely, a 
number was multiplied by two, then one was added to the 
product, and the sum was equal to five. 

It is also crucial that group discussion lead to the class's 
"discovery" of any mathematical rule. The extra time taken 
Jor discussion and discovery can help give meaning to an 
'otherwise meaningless rule. For example, exercises should be 
designed so students discover why common denominators ase 
Vised in the addition of fractions, rather than being told to 
memorize a sequence of ."magical" steps. 

Learning the language^of mathematics should continue 
throughout thd school's < mathematics program. At every grade 
level, the use of appropriate terminology should be a natural 
part of mathematical experiences. 
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What to look for: 

a. Docs the teacher use correct terminology wh€n*ever it 
IS appropriate? ^ 

b. Can the students read and give the meaning' for 
symbols and terms? 

c. Do students explain terms, symbols, and rules to 
^ each other and the teacher? 

d. Does the teacher provide the students witb a variety 
, of experiences to work with ^mbols and terms? For 

example: \ 

(1) Matching symbols with tnc terms 

(2) Exchanging mathematic^expressions with ' 
equivalent expressions 

(3) "Finding what^s missing** exercises 

e. Do students get Involved in discussions that fead to 
a discovery of mathematical relationships? 

Skills of Communicating in Mathematics 

'fo develop fluency in a language, teachers must require 
students to do more than translate the language or learn the 
grammar. And it Is also true in mathematics. Teachers must 
involve their students in activities that help them learn to^ . 
communicate with mathematical expressions. For example, 
students should be able to communicate with diagrams, 
symbols, equation.s, and other mathematical expressions. If 
they know and understand that there are different. repre- 
sentations for the same ideas, they arc more likely to be 
able to work with the ideas Successfully in different^^settings. 
Students ^who arc fluent in the language of mathematics can, 
tell where they are in a mathematical process, why a mathe- 
matical process works, what mathematical task they are 
trying to accomplish, and when, perchance, they need help, 

Many learning experiences cart help students improve their 
skills of communicating in mathematics. For example, students 
can participate in games, invent mathematical puzzles, and 
give project reports to their classmates. As another example, 
the teacher might ask one student to describe a geometric 
shape to the other students, who must then draw the shape as 
it is described. The students then share their pictures and 
discuss the descriptions. 

Another way to build skills in communication is to ask the 
Students to help clarify or correct a point on which the 
teacher pretends to be confused. This activity increases student* 
attention as well as improves their abilities to use mathe- 
matical terms. For this technique to be successful, the 
teacher must write exacjjj>^^tm the students say. When 
students are held accountable for what they say, it is amazing 
how precise they become in using mathematical terminology, 
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Teachers mu.it involve their 
students in actiinties that help 
them learn to communicate with 
mathematical expressions. 
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"The very essence oj 
[maihemalics^ is the prevention 
of waste oj the energies of 
muscle and memory/' 

. fHIII.IP f- H J(H H04i\ 
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What to look for: 

a. Dottcachcrs help students express their thoughts 
when they are* doing mathematics? 

b. Arc students asked how conce;pts are related? For 
example: 

(1) Hbw is addition related to sets of objects? 

(2) When should multiplication instead of addition 
be used? 

c. Arc there regular class discussions on subjects that 
involve comparing sizes, numbers, areas, and s6 
forth? 

d. Can stu'dents tell each other why they arc following 
certain steps? 

e. Can students explain the steps for solving an 
equation? * » ' 

f. Arc discussions of mathematical reasoning a natural 
•and regular part of the classroom activity? For 

exampl<5^ i 

(1) Can students explain Ivow percentages arc 
derived, how to use them, and the relationship 
of perccnts to fractions and decimals? 

(2) Can students discuss how to compute with 
fractions? 

g. Do Students give verbal reports on homework ajid 
projects they have completed? ^ 

h. Are students encouraged to develop independent 

Study projects in which they explore applications of ^ 
concepts? ^ 



Because mathematics is such an integral part of everyday 
life in today's society, mathematical competence is one of the 
iijgredients of a satisfying and productive life. Therefore, a 
well-designed curriculum in which students are prepared for 
careers and day-to-day living should include a wide range of 
mathematics topics in which mathematical concepts and skill 
areqs are developed thoroughly, Appendix C tp the . - 
Mathematics Framework and the 1980 Addendum is the. 
California State Board of Education's* 1980 "Criteria for 
Evaluating Instructional Materials in Mathematics," and the ^ 
criteria represent the core of Instruction for any good 
mathematics program in kindergarten through grade eight, The 
county superintendents' Course of Study is another good 
'reference for developing comprehensive mathematics programs. 



The Breadth of Mathematical, Skills 

The breadth of mathematics refers to the scope of essential 
skills^and concepts that students should master. For example, 
by the end of the ninth grade, every student should have 
developed an appreciation for the subject of mathematics and 
should have acquired at least the mathematical skills and 
concepts that are jiecessary for day-to-day living. These 
include: (1) proficiency in computing; (2) the ability to read 
graphs and charts; (3) understanding of percentages; (4) skills 
of measurement; (5) a facility with geometric concepts; 
(6) development of logical thinking processes; (7) a facility for 
discussing mathematical concepts; and (8) the ability to 
use mathematics to solve a^variety of problems, (S^ the 
Appendix, page 61; for the breadth of mathematics^pected of 
eighth graders in California public schools.) \ 

Por students who do not reach the required level oh 
proficiency by the ninth grade, an effective school mathematics 
program provides for the acquisition of such skills through 
remedial programs available in grades nine through twelve. 

Once students have reached the required level of proficiency, 
a schooFs mathematics program should help them prepare for 
their career choices through a variety of courses. The options 
available .for students should include: (1) mathematics for 
business and basic accounting; (2) mathematics preparatory for 
college or university training (See page 15 of this handbook 
for a mpre thorough discussion of the requirements of colleges 
and universities for their entering freshmen.); (3) mathematics 
for vocational choices; and (4) mathematics for consumer 
needs, It is recommended that all students take some 
mathematics course in their senior year, 

Mathematics instruction can also play an important role in 
helping students improve their reading and writing skills. 
Teachers can help students meet local proficiency standards by 
using mathematics content and providing mathematics-based 
experiences which require students to use those basic skills 
regularly. , 




Mathematics inat ruction can play 
an important role in helping 
students improve their reading 
and writing skills. 
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"'Thv ht*autiful han its place In 
mathpmalicn for here are 
trtumpkx of the creative 
imagination^ . * , * 

V h ffUfth 



What to look for: 

a. Arc opportunities provided for all studcnts to gain 
ari understanding and to use all essential skills and 
concepts? /rhosc are: 

(1) Arithmetic nujnbers and operations 

(2) Geometry 

(3) Measurement 

(4) Calculators and computers 

(5) Probability and statistics 

(6) Relations and functions 

(7) Logical thinking 

(8) Algebra 

b. Do students demonstrate lacility with 
problem-solving skills by drawing diagrams, looking 
for patterns, forming equations, and SO forth? 

c. Do proficiency Standards In mathematics include 
reading graphs and charts, computing restaurant, 
bills, and naming geometric shapes? 

d. Are a wide range of courses available at the 
secondary level? For example: 

(1) Basic mathematics courses 

(2) Consumer and career courses 

(3) Computer literacy courses 

(4) College preparatory courses of both technical 
and general college programs^ 

e. At the secondary level, do students have"*an 
opportunity to take a different mathematics course 
every year, and do titles of courses clearly idaptify 
the content? 

fv Arc all twelfth-grade students Who plan to attend 
. college cnrolicd in a mathematics course? 

g» Are mathematics teachers familiar with the 
district-adppled proficiency standards that their 
students must meet? 
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h. Do mathematics teachers make assignments in 

mathematics that help students improve their reading 
and writing skills? 

The Depth of Mathematics Instruction 

In a comprehensive mathematics curriculum, skills and 
concepts arc woven together and developed Into a hierarchy 
for better uiKlerstanding. Many of the mathematics skills that 
students acquire have common characteristics that should be 
used creatively. For instance, students encounter the concept 
of regrouping many times by many different names. When 
learning addition and subtraction, students may call the 
concept ''carrying, borrowing; or regrouping." When"^ learning 
to use money, the students may call it *^making change." 
When learning fractions, they may call the concept "finding 
.equivalent fractions." At the secondary level, the teaching of 
prime factori/atioa of numbers leads to factoring of algebraic 
expressions. 

Thus, ^whenever possible, the teacher illustrates' that „the new- 
concept is really an old friend. On the other hand, for a 
Stifdcnt who has been unsuccessful in learning the concept by 
a previous name, the teacher uses different strategies i6 build 
the desi/ed skill. Furthermore, the teacher builds and rein- 
forces cognitive skills by stressing understanding, application, 
analysis, synthesis, and evaluati(Wof concepts. At the highest ^ 
level, the students develop an^irppreciation of the beauty and 
elegance of mathematics, y^'^ 



What to look for: 

a. Do the skills to be acquired contain a core of 

common learnlngs'and minimum competencies every 
siudent is c^cpected to learn? 

b Do the students know that the skill they are 
learning is built on a previously acquired skill? 

c. Docs the teacher make use of pu77les, posters, and 
•"tudent projects that require the use;0f several skills? 

d. Do students use bridgi^ phrases like ""It works just 
like _. .•-? ^ r ■ 

e Do teachers plan learning tasks that are designed to 
build the higher levels of cognitive understanding 
beyond knowledge and comprehension? For example: 
application, analysis, synthesis (formulation of 
relationships between concepts), and evaluation 

f Docs the teacher stress awareness of the universal 
applications of many mathematics concepts, such as*, . 
the use of mathematics in music and the uses of * -y/ 
geometric patterns in art? ' \ 



Archimi'des, one of the greatest 
mathematicians of all fime, uw 
hi lied by a Roman noidier after 
the fail of Syracuse. Accordinf^ 
to sorde historians, the soldier 
found Archimedes drawing 
circles in the sand and became 
angry when Archimedes yelled, 
''Dont spoil my circlesr 
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The (i«*t'v(opmvnt (>/ a ^choolwidr 
niathf'maiicB program nhoiild 

C0unni*ior»i admlnUtraiorHt and 
parvnti. 




Priority for Mathematics in the School-Level Plan 

A mathematics program should reflect a schoolwide 
commitment to mathematics education, One of the indicators 
of such conimitmcnt is the development of a school-level plan 
that places a high priority on mathematics education, allocates 
specific time for it in the learning program, provides for the 
coordination of mathematics with other subjects, and ensures 
financial support for the program. The school mathematics , 
program should be designed so that students can progress 
toward clearly stated goals without unnecessary repetition. 
This can be achieved by careful planning through all grade 
levels. The school-level mathematics program must be an 
integral part of any other school-level pltwi, such as the school 
improvement plan or the compensatory education plan. It 
should never be viewed as something separate from or in 
addition to such plans. The mathematical skills and concepts 
taught in classes for bilingual, compensatory, and special 
education students should be .the same as those taught in the 
regular program. 

The development of a schoolwide mathematics progr^im 
should involve students, teachers, counselors, administrators, 
and parents; and it should be coordinated among classrooms, 
grade levels, arid feeder schools as much as possible. Thus, 
when more than one teacher in a school is teaching the same 
grade, level or course- Students will be taught the same skills, 
and upon completion of the grade ^r course, comparable 
rankings will indicate comparable proficiency. Further, 
Students will benefit from a systematic comprehensive 
malhematics program that includes all of the important 
concepts and skills without unnecessary repetition. The 
Mathematics Framework and (he 1980 Addendun^ for 
California Puhlic SchooL'^ provides aVi excellent basis for 
mathematics curriculum development and assessment within a 
school plan, 

A comprehensive mathematics curriculum plan or guide 
should: , ^ ' . 

• Include a statement of the school's basic goals for 
mathematics development* 

• Have an identified rationale for relating course corttent to 
students' developmental levels. 

• Be organized into clearly described levels that indicate 
where concepts and skills are expedbd to be taught by 
each teacher afid how the concepts and skills taught at 
one grade level fit into those that follow. 

• Have an effective ^nd thorough procedure for exarflihing 
and adopting instructional materials in mathematics. 

/• Include a plan for enrichment activities. 

• Include a plan for continuous evaluation and 
improvement. 

Other indicators of a strong schoolwide and districtwide 
plan are identified in Part IV of this handbook. 

I. 



5, UMlil^priml^^hm to tmtfmu f tia 

What to look for: 

a. [)o teachers^ parents, .students, and other?; play a 
significant rolc in developing curriculuni and ; 
planning programs? ■ 

b. Docs each teacher know his or her role in 
implementing the plan? j 

c. Is there a wriiten plan that emphast/es mathematics | 
educaijon and coordinates (t with other subjects and jj 
other school-level plans? . \ 

d. Arc the skills and concepts taught in special 
education^ bilingual education, compensatory 
education* or other special classes consistent with 
those taugh^j/iTK the regular classes? 

e. Arc there mcch inisms (or regular communication 
about the prog ess of mdividual students between 
teachers in special programs and teachers in the j 
rtgular classrooms'^ i 

1 Is there ,i>Mfuination among classrooms oi the same j 
level or courses so that students are provided \ 
comparable experiences and skill development so j 
that unnecessary duplication (>( experiences and skill 
development are avoided? 

g. Are there mechanisms for communication among 
schools in a district to ensure that students receive 
preparation needed to advance successfully to the 
next lever' 

h Docs a process exist for adopting instructional 
materials m mathcm^Uics and for examining, on a 
regular basfSi the cor^ent of the *»mathematics 
program'^ 

i At the secondary level, do elective or enrichment 
courses m mathematics have as rigorous a 
cufricuium ai* the requited courses? 

1 Do students \Vith advanced -^11 or interest have 
opportunities for accelerated learning? 

Remediation of Learning Problems 

When assessing a schoors comprehensive mathennalics 
curriculum, speijial attention should be given to its programs 
for remedial instruction. These programs are essential for 
'students who have not attained nninimally acceptable levels of 
proficiency in any of the skills and Concepts from computing 
through calculus. 

I he remedial program should cover the same content a.*( the 
regular injitruclional program, but it should be taught 
differently. Remedial instruction should not be presented in 
the same way that rcsuJted in previous unsuccessful learning. 



In many instan<'V3, the 
rcqtiinfmentit for entry into 
cvrtain arpi9 of study mil 
n-q litre hif^h m'hool students to 
take mathematics courses 
beyond those needed for 
f(eneral admission to the 
university. 




The content of the remedial program should also be organized 
around clearly stated objectives and provide the students with 
challenging. and interesting mathematical activities. Those 
responsible for remedial instruction should use practical 
applications of mathematics with other topics Avhich improve 
Students* attitudes toward the skilks being rerncdiated. 

What to look for: 

a. Arc objectives in remedial instruction designed to 
enable iMh students to advance into the mainstream 
of the/^eurriculum? 

b. Do clAsies for remedial instruction provide for 
opporttyiitics beyond the acquisition of computing 
skills? ^ . 

c. 1)0 teachers possess the teaching skills for providing 
remediation, as demonstrated by their use of appro- 
pnaie materials and techniques? 

Ii d. Is unnecessary drill/and "more oi the same" type of 

I reiniit)rcement avoided by planning reinforcement - 

j activities, based on individual student needs and 

; 4 mterests? 

;;: c. Are optjonal retcaching and remedial opportunities 

It ' available to students who fail to master the 

I ' mathematics skills the first ttme'> 

I L As students learn more complex skills, do they 

receive review practice on previously learned- skills, 
as needed'' 

I g Arc students shown how previously learned skills are 

■ useful for learnmg more complex skills'' 

I Preparation for College 

A comprehensive sch()ol program should include the 
necessary courses (or those planning to go to college. And m 
^ tnixxxy instances, the requirements for entryTMo certain areas 
i oit study will require high school students to take mathematics 
1 courses beyond those needed for general admission to the 

i university. fM)r example, all majors in the natural and life 

; sciences, engineering, and mathematics require calculus. Many 
I social science majors require either statistics or calculu*v or 
' both. Careers in environmental sciences, dentistry* medicine, 

ii optoqietry, pharmacy, and biostatistics also require calculuvS^ 
for undergraduates. Many students are not aware that large 

! numbers of fields outside the natural and mathematical 
scicnccv often require calculus or statistics as prerequisites. 
In some high schools, it may be difficult to offer a full 
range of regular and advanced mathematics courses each year. 
However, the problem may be resolved in a number of ways 
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if.it is given adequate attention and planning. Some options 
include: offering advanced mathematics on a two-year cycle; 
providing for independent study, home tutors, or corre- 
spondence courses; and permitting studcnis to enroll in a 
nearby college program, or cooperating with a nearby high 
school to offer courses in advanced mathematics. 

Recently, the academic senates of the California Community, 
Colleges, the California State University, and the University of 
California declared in a position statement that the minimum 
proficiencies in mathematics and English-^ow required for 
high school graduation are insufficient to provide students 
with the foundation t4iey need to be successful in college and 
university course work. The academic senates pointed out that 
there are "varied and complex causes (for the) underprepa- 
ration of entering college freshmen." However, as the academic 
senates pointed out, one of the problems "is a lack of 
understanding among students, parents, and educators of tht 
competencies expected of entering college students." 
Recognizing their responsibility for identifying such 
competencies, the members of the academic senates 
recommended the following as being necessary for ensuring 
that college freshmen arc adequately prepared in English and 
mathematics: 

1 Ihc curneulum for students planning to pursue a baccalaureate 

education should include at least lour pears of English and at 

least three years of mathematics. \ 
2. Fhc academic program taken in the senicjr year of high school 

should include one year of f'nglish and ^no year of 

ma ihc ma lies. 

.1 Diagnostic examinations U) assess student cornpcteneies in 
f-ng^ish and maihcmaiics should be given no later than the 
junior year in high school. 'The results of these examinations 
should be used to counsel students concerning their study in 
the senior year. 

4 Fhc results of competency assessment in F^!nglish and mathe- 
matics of cptcring siudcnts at the colleges and universities 
should be made available to the students* respective high 
schools SO that appropriate evaluation of instructional programs 
can be made 

5. Counseling of students and their parents concerning college 
preparation should occur as early as possible to provide a 
foundation for successful college and university^ Study and to 
broaden the spectrum of career choices. Farly counseling is 
especially needed for groups which arc now undcrrcprcscnlcd in 
California colleges and universities. 
6 At all levels of education, from elementary school through 
college, grades in English and mathematics should be based 
upon achievement rather than upon effort or attendance so that 
students will receive accurate assessment of their competencies. 
In their position statement, the academic senates also out- 
lined **the core of the necessary skills in English and mathe- 
matics needed by entering college freshmen, regardless of 
intended major or the specific admission requirements of the 
institution the student plans to attend." The senates' specific 
recommendations on mathematics appear ia Appendix B to 
this handbook* 
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A f^ood muihemaiic9 program 
will he most effect ivr when 
teacher it present ^killM in 
rornpiiting a.* enjoyable, 
challenging, and necessary for 
the achievement of other goaln 
that $tudent$ wish to attain. 
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What to look for: 

a. Do teachers and counselors have the latest 
Information about college preparatory requirements 
and the courses which Prepare graduates for many 
of the major ffelds they will be entering? 

b. Do college preparatory student?; know the course 
requirements for their intended majors? 

c. Are college preparatory students given opportunities 
to study advanced mathematics, including 
trigonometry and other advanced courses in 
mathematics? 
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Computing skills are essential ip day-to-day living, and they 
require the person to have a thorough understanding of whole 
numbers, fractions, and decimals, as well as speed and 
accuracy in adding, subtracting, multiplying, and dividing 
I ^ whole numbers. A good mathematics program will be most 
I ^ffccti#e when teachers present skills in competing as 
j enjbyible, challenging, and necessary for the achievement of 
I other goals that students wish to attain. 

A 

The Teaching of Computing Skills 

vSkills in computing must be taught carefully at all levels, 
and at the beginning the underlying concepts of the basic 
skills musi be emphasized. As Students learn new skills, 
teachers must reinforce previously learned skills through a 
program of carefully planned practice that is closely 'related to, 
but different from, the way the skills were learned initially. In 
an effective matK.ematics program, the teacher finds a balance 
between learning experiences in which drill and memori/ation 
are emphasized and intere.stmg rein force nient activities that 
will chalTenge students to use their newly acquired computing 
skills. The drills arc short and are given daily as a ^ 
complement to Other forms of practice. Some of the short 
drills are "thought problems/' informal timed tests, and games 
Involving computation. 

However, much of the needed practice can and should be 
provided through practical problem solving (which is related t 
to different curricular activities), purposeful games, puz/les, 
and mechanical or electronic calculators. For example, the 
teacher may use newspapers and magazines to stimulate an 
^If^vve-had-somc-moncy day." Students a^ asked to determine 
the price of their ideal kitchen, house, or t^jr from the prices 
listed in a newspaper or a home builder's guidebook. As 
another example, the teacher may ask the class to choose 
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bci*/ccn receiving S 1,000 each day for 31 consecutive days or 
receiving I cent for the first day and doublntg the amount 
each consecutive day for 31 days. The activity provides 
valuable computational review, and the conclusion is 
fascinating. Exercises such as these provide practice while 
relating to the types of situations people encounter in real life 




Wrfaf to look fori • 

a. Arc group activUics used daily for students to 
practice compujing skills, e g., nongraded timed 
drills and chalkboard contcsiN^ 

b Do students pjay purposeful games of compuiiHg; 
eg, dominoes, cribbage, and tcacher-construcic(f 
games'^ \ 

c Do students have mterestmg mdivii^ual practice? hor 
example 

(1) Compfctmg or consiructmg magic squares 

(2) (\)m^Jctmg number sequences wuh hidden 
pattern^ -i 

i^] Decoding^iddcn messages \n problem sets 

(4) higurmg totals on hypothetical restaurant menus 

(5) Computmg, with decimals, a (ax table or a debt 
amoni/atiori tabic 

(6) I'sing (racttoriv lo compute earnings from 
ho'Udy, weekly^ (tfynonthly wage scales 

, (7} Making attendance )sjport*j, inventory reports* 
and other numerical rc?pufts for the school 
(K) ("ohsiructing scale drawings or maps that involve 
multiplication 



legitimation anU Mental C omputation 

A good mathematics program will include many varied 
activities m which students must use skills of estimating 
reasonable answers to problems and doing arithmetic mentally 
without pencil and paper. The current growing use ot 
calculators increases the need for good estimation ability so 
that students can catch "calculator" errors. (Additional 
discussion of calculators is given on pages '36 38.) Students 
who have mastered the skill of cstinraiion can ^determine 

"V-^hcthcr an answer is reasonable, and they arc mptc likely to 
check the accuracy of their work than they would have if they 
had not acquired the skill. At all levels of mathematics, 
students should, be taught several strategics for estimating " 
answers, and they should be given nopch practice in using the 
strategics Hn assigning problems to students, the teacher 
should alternate between expecting students to check their 
answerH and expecting them to show estimates for (he 

/ answers 




A f^ood rnaihpfnatich^program 
will tncludv many t»qriod 
aciivitipt in which ntudi^ntM mu$i 
ufp nkillM <fj vntirnatinf^ 
rroMonahlv an9Wrr$ to prohivmM 
arid doinf( arithmetic mrnrtally* 



c 



ERIC 




FROS&WE Math KM ATI *:s framkwork and- 

THK I98« ADDKNIM M.KQR CALIFORNIA PUBLIC 

SCHOOLS 



What to look for: > 

a. In oral drill, do students get feedback and 
appropriate reinforcement regarding how reasonable 
their answers are? 

b. Are calculators used by students to check their 
estimates of answers to complex problems? 

c. Are estimates made by rounding the original 
^numbers to one or two significant (nonzero) digits? 

d. Arc students ^hown how to use visual represen- 
tations to check the reasonableness of their 
answers? For example: 

(1) For multiplication/ division, the visual repre- 
^ sentation may bemused for the area concept, 

jumps on a number line, or scale factors. 

(2) For addition/subtraction, students may refer to 
an abacus, length units of measurement,^ 
counting tiles, and fraction circles. ^ 



The authors of the Afaihemaiics FraMework and the 1980, 
Addendum identified four essential problem-solvihg/ application 
skills: ^ 



Formulating, th^ problem 
Analyzing the problem 
Finding the solution 
Interpreting the solution' 



Formulating problems \s crucial for day-to-day living, 
because problems encountered outside school areTisually not 
packaged neatly-in textbook language. Students- must learn tp 
ask questions, clarify relationships, and determine what 
information is needed. For instance,' a real-life situation, such 
as planning a. sprinkler system for a yard, will challenge 
^udents to describe the problems inherent in doing that job. 

Analyzing problems involves identifying the features that are 
significant to the central problem and planning strategies to 
deal with'them. Planning might involve guesswork, estimating, 
drawing diagrams, creating concrete models, listing similar 
elements, or breaking the problem into manageable parts. 
The last and most crucial step in problem analysis is 
translation of the problem into mathematical symbols, because 
it demands j|n explicit definition of the problem and selection 
of an appropriate strategy for the solution. It also demands 
risk' taking. ' ' ' ' , - 



* ^Mathematics Framework and the 1980 Addendum for California PuMic Schools. 
Sacramento: California State Departmenl of Education, 1982, p. 62. 
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Finding solutions requires mathematical skills beginning with 
an understanding of number properties and operations. 
Stucfents should learn that some prbblems have severaF . 
solutions and others may have none. Estimation should be 
used regularly with all problem-solving exercises so that 
students will learn to check their results. • 

Interpreting the solutions should occur at all levels of 
instruction. IStudents] must leaim to review the problems and 
solutions, to judge the validity of their translations to 
mathematical symbols, and to check the accuracy of their use* 
of mathematical rules. Further, students should learn to make 
correct generalizations from their solutions and to apply the 
results to' solving more complex problems. 
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What to look for: 

a. Do students have practice formulating problems? 
For example: 

(1) Does the teacher include discussion of real-life 
jobs and problems as a regular part of the 
curriculum? 

(2) Are students expected to complete homework 
exercises that arc not identical to the examples 
given in class? 

(3) Are students encouraged to formulate solvable 
problems? 

(4) Are conditions and numbers in word problems 

' changed to create new problems from old ones? 

b. Do students have practice analyzing problems? For 
example: ^ 

(1) Arc problems assigned that require students to 
draw diagrams, vcrcatc concrete models, list 
similar elements, break a problem into parts, 
discover patterns and similarities, seek 

^appropriate data, and experiment with the 
models of a problem? * \ 

(2) Do students translate verbal expressions into 
mathematical symbols and terms? <» 

(3) In class discussions and homework assignments, 
doc^ the teacher use concrete problem situations 
that arc not already clearly defined and 
translated into mathematical equations? 

(4) Do the teachers encourage students to work iji 
smajl groups to dramatize problems, construct 

; models, list elements, and %o forth? 

c. Do students have practice finding the solution to 
problems? For example: 

(1) Do teachers give assignments that require 

students to use a variety or combination of the 
basic skills and mathematical processes; i.e., 




LEONHARD EULER 

I707--I7fl3 

Leonhard Euler i$ considered 
by many to be the most prolific 
mathematician of all time. He 
published material in every 
branch of mathematicsy and hU 
contributions to the calculus are 
universally recognized. 
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Students are given opportunities 
to defend their solutions rather 
than beihg told flatly that they 
are wrong. 



some problems in a set require subtraction, some 
require addition, and others require both? 
(2) Do teachers use problcni-solving activities to 
help students develop all skills and concepts? 
^(3) Is the use of estimates and guesses encouraged 
to test the reasonableness of answers? 

. Do students practice interpreting the solutions to 
problems? For example: 

(1) Do students demonstrate and explain to each 
other how they found the solutions? 

(2) Do class discussions focus on interpreting the 
solutions with questions ^uch as the following: 
Was the problem solved? What does the solution 
mean? Was the best approach used? Would 
another approach work? Can the solution be 
used in solving another problem? 

(3) Are students encouraged to look for different 
ways of thinking about a problem that may 
sometimes result in a different answer? 

(4) Are students given opportunities to defend their 
|olutions rather than being t^ld flatly that they 
arc wrong? 
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The Methods 

of Teaching Mathematics 

(How Students Learn) 



Ultimately, the quality of a mathematics program is only as 
good as the teachers in that program, Each student should be 
presented with exciting and successful experiences in 
mathematics, and no one method or approach will work for 
all students. Each teacher must therefore make use of a full 
range of strategies and devices that can be matched to the 
students* learning needs, to the students' expressed interests, 
and to the content of the mathematics program. 

In assessing the methods used in a school's mathematics 
program, one should consider carefully the following three 
elements: 

• Learning styles and" teaching strategies. The teacher 
employs a variety of strategies and instructional processes 
to enable each*student to learn successfully the 
mathematics content. 

• The effect of attitudes on achievement. The teacher 
motivates the students to learn mathematics by providing 
them with daily opportunities to feel that they are both 
successful and challenged in mathematics. The students 
are engaged in meaningful and productive learning tasks 
during the entire time that is allocated for daily 
mathematics instruction. 

• Calculators and computers. Mathematics teachers make 
use of calculators and computers creatively to lead 
students to a better understanding of mathematical 
processes and problem solving while supplementing and 

. reinforcing other instructional activities. 

In a high-quality mathtyjiatics program, the teacher sets the 
stage for students to explore, discover, and learn mathematics 
concepts in meaningful ways. To be an effective teacher of 
mathematics, the instructor must know mathetnatics; the 
students* mathematical abilities, interests, and learning styles; 
and the ways to teach that make appropriate use of a,, variety 
of materials and strategics. 



Each teacher mu$t make une of a 
full range of strategie.n and 
device^ that can be matched to 
the Mtudentn' learning needs^ to 
the students* ejcpressed interests^ 
and to the content of the 
mathematics program. 
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Studentn vary widely with respect 
^ to experience*, feelings, interests, 
capabilitien, raten^at which they 
" learn, and way a in which they 
pj'efer to learn. 



DifTerences in Learning Styles 

Students vary widely with/respect to experiences, feelings, ' 
interests, capabilities, rates at which they learn, and ways in 
which they prefer to learn. Because of these differences," the 
instructional materials and processes should be equally diverse. 
Over a Veriod of time, students should be involved, in a wide 
variety of activities, including teacher-led discussions; 
assignments from textbooks; student-led discussions; individual 
or small group work on projects; experiments using 
manipulatives; activities that: involve collecting data and 
making graphs; use of audiovisual materials; involvement in 
meaningful games; and outdoor experiments. However, it is 




essential that every activity be purposeful and designed to help 
students learn specific skills or concepts. Diversity of activities 
just for the sake of variety is of limited value to students. 

Students should learn how to use available resources for 
extending their knowledge both in and out of the classroom. 
Because the teacher's knowledge of the subject is usually the 
best learning resource in the classroom, care must be exercised 
to avoid student dependence on the teacher's authority and 
knowledge. Teachers should make a conscious effort to seek 
out and make available sources of information that will help 
students learn to formulate their own questions in such a way 
that they can find the answers independently. 

Effective teachers use direct teaching to the entire class 
when It is appropriate; for example, introducing a new topic, 
clarifying a concept about which most of the class appears to 
be confused, and explaining an example. Teachers may also 
use direct teaching for demonstrating a skiU and, in so doing, 
model the desired behavior that the students are trying to 
learn. For example, in solving a problem which no one in the 
class can do, the teacher may say, "I wonder if this problem 
can be split into easier partsT* or "Shall I draw a diagram?" 
or "ShoOld I make a table?** Then the teacher thinks aloud 
while making a decision. 
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In a high quality mathematics program, teachers can be 
observed using student interests as a way of reinforcing the 
usefulness of mathenaatical concepts. For example, students 
who discuss cars may be challenged to develop charts or 
graphs comparing the cost and efficiency of various models. 

Students' interests in career information,,jmay be used to 
stimulate new areas of study. For example, tours of local 
businesses and'industries, presentations by speakers who use 
mathematics in their work, and participation in work-related 
programs can all serve to reinforce learning and motivate 
study. 



What to look for: 

a. I>oes the' teacher know each student's background 
and interests? 

b. Are classroom activities and materials diverse and 
selected to meet the range of the students' abilities 
language skills, interests, arid needs? 

c. Do the teachers use direct teaching to the entire 
class when it is appropriate and when it will help 
them aahieve the instructional objective? 

d. Does the teacher in his or her regular classroom 
instruction use a wide variety of approaches? Fpr 
example: 

(1) !,arge and small group instruction 

(2) Lecture or expository method 

(3) Media presentations 

(4) Mathematics laboratories 

(5) Computer-assisted instruction 

(6) Role playmg 

(7) Group work and peer instruction 

(8) Programmed instruction 

(9) Scientific inquiry 

(10) Drill . ^ 

(11) Individual instruction 

e. Do students receive instruction in a language they 
understand? 

f. Does the teacher explain the purpose of each 
activity alnd relate it to the needs, strengths, 
interests, and learning styles of the students? 

g. Docs the regular instructional plan provide students 
with opportunities to pursue special interests in the 
classroom setting? For example, self-selection 
activities, Choice among alternative activities, and 
individual projects. 

h. Docs the curriculum provide for special interest 
activities that arc related to learning objectives? For 
example, a project to construct three-dimensional 




In a high quality mathemalicB 
program, teacher^ can be 
observed using student interests 
as a way of reinforcifig the 
usefulness of mathematical ^ 
concepts. 
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geometric models^ aids in the understanding of ' 
geometric Hgures' studied in solid geometry.^ 



Harh tvachi*r fihould haw a 
numbvr of imaginatit^p way» to 
aM9i*M3 accuratply and v//eciivply 
thf* entire clann quickly and 
frequently. 



Student Assessment „ 

Before an effective instructional progr^am can be designed, 
the teacher must assess the individual learning characteristics 
of the students, determine the students* previously acquired s 
abilities, and discover the special interests that can be tapped 
for motivational purposes. This assessment should include the 
use of a wide variety of diagnostic assessment tools that i\re 
available at all grade levels. These tools range from 
standardivcd, nationally normed tests to less sophisticated 
verbal measurements, such as oral interviews and discussions. 
In any case more than one form of assessment should be use<J 
to ensure accuracy of inforijiation for each student. (In 
assessments of limitcd-Knglish-proficicnt [LKPJ students, care 
should be taken to ensure that it is the students' mathematical 
skills being assessed rather than the students' abilities to 
understand I'nglish.) 

Teachers Should- make diagnostic assessments continually to 
provide important information about student understanding. 
Based on iHe assessment information, teachers decide on the 
use of alternative instructional approaches, variations' in 
student groupings, the need for remediation, or advancemeni 
to a new topic, Faeh teacher should have a number of 
imaginative ways to assess accurately and effectively the entire 
class quickly and frequently (in less than 'ten seconds every 
few minutes). Ihese include "thumbs up or thumbs down" in 
silent response to a yes or no question; each student 
responding on a slate-like board which he or she holds up at 
a given signal; and color-coded cards for students to bold up 
to signal their mental state red for "Tm confused." yellow for 
"now I get it," and green for "hurry up, I'm ready to do the 
assignment." 

Another effective assessment 
strategy is one that not only 
provides for students to 
respond but also encourages 
students to internali/c or 
"fix" a concept in their 
mmds. F'or this strategy, 
the teacher asks everyone 
to concentrate on a 
specific idc^ tor 
30 seconds eyes shut, 
no f^,encils, no talking, 
no reading. After 
30 seconds, students 
are called on or 
volunteer to explain 
the concept in their 
own words, to give an 




application of the concept, to tell how the concept is related 
to some other concept, or to do some similar task. For 
example, when a geometry class has been introduced to the 
notions of point, line, and plane, .the teacher says, "Now 
concentrate on what you have just heard about points, lines, 
and planes, and in 30 seconds I will ask some of you to tell 
us how they are alike and how they are different.'' NVhcn this 
strategy is used regularly and frequently, as it should be, it 
will becomp increasingly effective. 




What to look for: 

a. Arc there established assessment procedures for 
diagnosing students' needs prior io the placement of 
Students in courses or the use of instructional 
materials? 

b. Do teachers have cstabiishcd procedures for 
determining students' areas of interest? For example^ 
through: 

(1) Observation techniques 

(2) Interest inventories 

(3) Discussions on hobbies, careers^ and so forth 

(4) Informal conversations 

(5) Analysis of student questions 

c. Are a broad range of performance assessment tools 
used regularly which allow for differences in 
Students' learning styles? For example: 

(1) Regular homework assignments 

(2) Oral demonstrations 

(3) Teacher observations 

(4) Commercially prepared tests 

(5) !n-text tests 
(^) Teacher-prepared tests 

(7) Checklists 

(8) Intcrcsl/allitudc inventories 

(9) Attitudc-behavior-disciplinc reports 

(10) Interviews, class or small ^roup discussions 

(11) Criterion-referenced tests tied to performance 
objectives 

(12) Student projects 

d. Are limitcd-English-proficicnt students assessed in a 
language they understand, and do they receive 
instruction through the use of materials in their 
primary language, bflinguaf teachers, aides, tutors* or 
peers? ; 

e. Arc assessments of progress free of language and 
cultural biases? 

f. Do teachers analyze student crrofs to assist them in 
diagnosing? For example: 

(I) Basic facts or errors in computing procedures 




At affe ten, the famous (German 
mathematiciorij Karl Oaii^n, 
astounded hm teocher by 
diMcovering a 3hort cut for 
addlnf^ the whole numherM to 
0 an aM»if^nment meant to keep 
the preeocumn student occupied. 
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(2) Errors thai occur repeatedly and indicate a 
misunderstanding of concepts 

Docs the teacher frequently use whole-class 
assessment strategies that determine whether every 
student is following. the lesson or whether a change 
in teaching Strategy is needed? 



rl. 



Keeping Records of%tudent Progress 

Students need to be kept aware of their progress toward the 
mastery of prescribed mathematical skills and concepts. 
Progress records should be based on many different forms of 
assessment and may vary to accommodate teachers' " - 

preference^ 

Assessment records should include a determination of which 
skills and concepts have been mastered and which need more 
Study. By keeping the records up-to-date, the teacher may use 
them for giving positive reinforcement When students show ^ 
good progress and for assigning Appropriate learning activities. 



M h tkeptci^m n/eFny tUiOati mmsed mA 
maftkdf 



What to look for: 

a. Are progress records kept for each student and 
checked frequently by that student and the teacher? 

b. Are progress charts maiiitained, and can students 
explain what they mean? 

c. Arc parents informed regularly of their child's ' 
progress in learning mathematics skills and concepts? 

d. Are both speed and accuracy of the student's skill in 
computing included in the progress record? 

c. Does the amount and level oflpractice assigned to 
each student vary according to the individuaPs 
progress? 

r Do students take timed tests to assess their retention 
of computing skills learned previouNly*' 
When a student's retention falls below the acceptable 
level on speed or accuracy, are practice aciivilics 
provided? 

The I'se of Manipulative Materials 

Of all the^planning that sets the stage for a good learning^ 
experience, none is more central nor crucial than the teacher's 
plan for presenting the lesson. Even here, the selection of the 
topic,' the objectives.. the assessing of the students' under- 
standing, and the organizing of the materials and class- 
room may overshadow the concern for how the students will 
build the bridge from the familiar to the unknown; in other 



words, from what they already know to what they should 
learn. Teachers should be familiar with current research in 
education on effective bridging strategies In order to plan their 
lessons effectively. One particularly propitious example of the 
research is Jerome Bruner's three learning stages a widely 
accepted, but often ignored, theory that supports classroom 
use of "hands-on" materials. 

In his book. Toward a Theory of Instruction, Mr. Bruncr 
identifies these stages of learning: concrete, representational, 
^nd symbolic. That is, Students should learn a mathematical 
concept through experiences with concrete, three-dimensional 
objects (manipulations); then with representations of the 
physical objects (for example, pictures); and finally, with 
symbols to refer abstractly to the concept. ^ 

leachcrs should have a commitment to using manipulatives 
to the students' best advanta^^c and should demonstrate 
creative uses of manipulative materials. In the early grades, 
some possible activities in which manipulatives may be used 
include: (1) identifying likenesses and differences; (2) classifying 
and categorizing objects by their characteristic features; (3) com- 
paring objects by si/c; (4) grouping objects; and (5) making 
conjectures based on the manipulations. 

I he use of manipulatives should also have a place in 
intermediate and higher grades, both In discovering new 
concepts and skills and in providing remedial help. Colored 
rods, base-ten blocks,, and graph paper should be used to 
illustrate properties of whole numbers, the concepts of 
fractions, and the relationships between fractions and decimals. 
Paper folding can also be used to illustrate geometric concepts 
and some area formulas (for example, parallelograms and 
circles). Pipe cleaners and a sheet of cardboard can be used 
effectively to illustrate three-dimensional concepts introduced 
in a high school geometry course. 




What to look for: 

a. Do 5tudcnts*^vc access to three-dimensional models 
or familiar oo^cts a$ a regular pari of their 
mathematics instruction? For example, engines, 
model kit$, mathematical manipulatives, objects to 
measure, and geometric forms. 

b Do teachers ask sequences of questions thAt lead 
students m making the connection between the 
•concrete and the abstract? 

c. In the prirnary grades, is the teaching of place value 
and addition of multiKligit numbers developed 

1 r Inward a Thn^ry of InUruition New Vorlc W W Norton and 
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Teach vr» »hould have a 
commit merit to using 
manipulativei to the Uudentg' 
beit advantage and ihould 
demomtrate creative u$eM of 
manipulative materials. For 
example, teachern could ank 
their ntudentn to cut out the 
pieces of the tangram puzzle 
(above) and u»e the five Bmall 
piece* to form a gquare. Then 
the itudenti could be anked 
whether they could place the 
two large pieceu around the 
iquare to form a triangle^ a 
parallelogram, a trapezoid^ and 
finally a rectangle. 



.Pver dUvun3ion3 reinforce 
learninf( In' challenf^trtf^ studentM 
to ejcchanf^e viewpoint it anii 
andhxe lumible 3tratef^iv3 Or 
solutions* 




through the use of manipulatlves? For example: 

(1) Students represent two-digit numbers with place 
value materials, such as bean sticks or base-ten 
blocks. 

(2) Students play "trading" games. 

(3) Students add twoKligit numbers by manipulating 
place value material, regrouping, or trading when 
appropriate. 

(4) Materials are available for students to use, as 
needed, in computing standard' problems. 

d. Is the concept of fractions developed through 
activities based on concrete objects? For example: 

(1) Fraction "pies" strips, or squares 

(2) Parts of sets groups of objects 

(3) Number lines or "clock" circles 

(4) Colored rods ^ 

At the junior and sepior high school levels, do 
/ students have opportunities to reestablish previously 
learned skills and concepts throtigtf concrete physical 
or visual models? 

f. Is the relationship of mathematics concepts to "real 
life" situations continually emphasized and 
demonstrated visually? 

g. Are topics taught so that students "discover" or 
"see"' matheknatics concepts before the teacher 
introduces a mathematics rule? 

(frouping of Students ^ 

Group work, often a useful approach to learning, should be 
flexible and should be based on the interests* needs, and 
learning styles of Students. Generally, the options for grouping 
students In a class include discussion with the whole group, 
small groups, and Individuals. Hach option is more 
appropriate than the others for certain students. Peer group 
work often provides the teacher with time for individual or 
group remediation. More importantly, perhaps, peer 
discussions reinforce learning by challenging students to 
exchange viewpoints and analy/e possible strategics or 
solutions, thus developing and sharpening their logical or 
critical thinking skills while increasing their abilities to 
communicate with the language of mathematics. 
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What to look for: , s 1' 

a Does the teacher use groupings that are based on 
the assessment of the students* learning styles and 
related to the lesson obiectives? hor example 

(1) Smalt groups m the regular classroom 

(2) lutonal programs 

(1) Tse ol resource teachers 



(4) Mathematics labs * 

(5) InstrMCtional aides ^ 

(6) Cross-age tutors 

(7) Alternative classes 

(8) Programmed texts or materials 

(9) Mini-courses 

l)o students receive instruction with the whole class 
at appropriate times, such as when; a concept is 
being introduced or when groups want; to share 
information or results from a small group or 
individual project? 

Do students work in small groups when it is 
appropriate? For example; 

(1) fo prepare for debates and panel discussions 

(2) lo solve a problem through brainstogjiing, 
discussion, and an exchange and analysis of' 
ideas 

(3) lo collect^ organize, and represent data or a 
graph or report 

(4) To receive instruction that is appropriate to their 
leveJ 

(5) lo do skill reinforcement activities, such as peer 
teaching and games ^ 

(6) fo receive remedial insiructlin 

Do students work individually when it is 
appropriate? Kor example: 

(1) A lollow-up assignment for a difficult concept 

(2) Practice lor needed skills 

(3) A report on an area of interest 

Are students encouraged to worl«^ together to 
exchange and analyze various problem-solving 
strategies or solutions? 




In a high qualtty rnath<^niatic9 
program, iho tvarher f>re3i*nt9 
challenging projects, axkn 
mimulating question:^, and p<m*» 
meaningful pfoblvm^ with equal 
frequency to students of ^11 
ability lei'eh. 



Learning docs not "just happen" through the application of 
a fcvv learning theory principles about achievement and 
concept development. By creating an expectation of maximum 
achievement, providing for success and challenges, providing 
for pmductive learning time, and assigning homework, the 
teach{ir motivates students to reach their potential achievement 
fevels, • . . 

Effect of High Expectations on Motivation 

.Studies consistently show that student achievertient levels 
are noticeably affected by teacher expectations. Teachers must 
honor each student's right to work up to his or her maximum 
potentiaL In a high quality mathematics program, the teacher 
presents challenging projects, asks stimulating questions, and 
poses meaningful problems witH equal frequency to students of 
all ability levels. 

In addition, teaching is not effective in an undisciplined 
atmosphere. The creation of a productive and effective 



ERIC 



3, 



29 




m 



learning environment requires an uncompromising under- 
standing from the first day: the teacher has the respon- 
sibility to create such an environment, Then, step by step, 
the teacher and the students build the desired environment 
the cldssrOom, Teachers can convey high expectations for 
achievement while building an effective learning environment 
in a variety of ways: ' 

• Set and maintain classroom standards for discipline, 
punctuality, time on "task, completion of work, and 
maximum effort applied to the tasks, 

• Set an example for effort by beginning lessons on time 
and being prepared. / * 

• Reinforce expected behavior and take time to discuss 
below-level (or inadequate) effort in a positive attfempt to 

'bring students up to expected levels of achievement. 

To be motivated, students must be active participants in the 
learning process. Even in remedial, basic, and enrichment 
instruction, a high level of rigor is oft^n the challenge that 
Students need to bcc6me active participants. Encouraging 
students to identify the steps in. their thinking processes also 
increases participation. To ensure ^continued involvement, 
teachers should focus on the positive progress the student 
makes, not on the unsuccessful attempts. For example, a 
struggling student may be encouraged and motivated by being 
reminded how far he or she has progressed rather than how 
he or she compares with the top student in the class. 




What to look for: 

a. Do teachers expect all students to achieve? For 
example^ arc the concepts, values, skills, and 
knowledge acquired by students in special classes, 
such as special education, Compensatory education, 
and bilingual education, the same as those acquired 
by students in the regular classes? 

b. Does the teacher demonstrate a belief the 
students' abilities to do the work? ^ 

c. ^)0 teach1:rs call On low achievers as frequently as 

on high achievers, and do they allow sufficient time 
for responding? 

d. Does the tfcacher work With low achievers to 
determine the reason for lack of progress and to 
redesign their study programs? 

e. Do the teachers set a standard for excellence that 
they themselves model by being prepared for every 
lesson and beginning every class on time, by 
promptly correcting and returning quizzes and 
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homework, and by spending ihe entire class period 
actively icaching''- 

( Is there a pohcy lor uniform and lair enforcement 
of behavioral standards? ' 

g Arc there wniicn schoolwide class standards for 
'worRmanship, punctuality, and behavior? 

h Is there a uniknm schoolwide policy on grading, 
and do students and parents know the amount and 

' qualits of work necessary for a stucjcnt to receive a 
specific grade? 

I, Do teachers, pafcnts, and students know what 
bchasiof IS expected of them? 

I Does the administration support teachers in their 
ellorts to enforce the adopted standards? 

k Docs the teacher encourage students to make 
sugg^cstions and to ask questions, and arc students' 
ideas incorf^orated in lectures and discusnons? 

vl. Arc students iilvolved m the learnin^i process'' I'or 
example, do they discuss problem-SATtfntK strategics, 
pose questions* and encourage cacp other! 



vSuccess and Challenge ip vStimulating Ivearning 
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High expectations arc not the onjy ingrcdicnts^ecded for 
creating rnoiivation. Icachers must also design their lessons 
and tcactmg strategics so as to facilitate student success, hor 
y<:xample, cxanns or assignments .should be rcturiied with 
written comments that indicate what was done well or ; 
commendably Another helpful strategy is discussing with a 
student the accuracy and rationale of his or her verbal 
responses. 

1 essons should also be sequenced so thai every student 
obtains some ikvel of success on some of^he problenis. For 
example, a geometr^y problem .should require the use of more 
than one skill. Some students might have success by 
illustrating the problem; others, by posing questions. At the 
high school level, a geometry problem might be a proof with 
sections to be completed or a proof with an error to be found 
and corrected 

Arranging for each student to have opportunities for success 
may not be always easy. However, such opportunities are 
more likely to occur if there is a .structure that provides for 
ibjcctive measurement student achievement, timely diagnosis 
'oPnccd when studentVfail to achievb, and/ if necessary, 
appropriate alternative instruction for remediation. 

Studenis draw conclusions about their chances to succeed 
from the actions and remarks of teachers. When teachers have 
clear instructional objectives and share them with the students, 
CNcryone has a betigl perception of when success is near or 
has been achieved At the elemenUiry level, teachers may begin 
a lesson by communicaimg to thc^students the purpose of a 
new cvercisc, for example, "Today you arc going to learn how 
to use a number line to help you see that multiplication is 
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A parent who has traveled to 
Egypt may share his or her ^ 
knowledge of the engineering of 
the pyramids with a geometry 
class, . 



similar to repeated addition." At the secondary level, the 
teacher may remind the students of how the day's assignment 
relates to an jongoing achievenient objective. When students 
know why they are performing a certain operation or 
practicing certain exercise^^^^^^ likely that they will 

attend, to the task conscientiously and thereby increase the 
likelihood of success. . 

Also, in high quality programs, teachers use a variety of 
resources for giving students challenging and interesting^ 
experiences. For example, teachers may use the skills, 
backgrounds, and interests of other faculty or other 
community members to show students the rewards of learning, 
and to model high achievement and enjoyment of 
mathematics. For example, a parent who^ has traveled to 
Egypt may^share his or her knowledge of the engineering of 
the pyramids with a geometry class, or a woodshop' teacher 
who has worked as a carpenter may discuss career options 
and uses for mathematics in the building industry^ These 
presentations might then be followed by assignments that 
require independent study of group projects that capitalize on 
high interest levels. « 

In order to develop a positive attitude toward learning, a 
student needs to know that successful performance is a 
legitimate, hard-earned achievement. High scores on easy 
examinations are not likely to build a sense of competence. ^ 




What to look for: 



a. 



b. 



c. 



Does the teacher take advantage of correct 
responses to build sclf-confidencc and success? 

Does the teacher treat students' incorrett responses 
with sensitivity? 

Do students receive regular assessments of their 
achievements and progress toward mastery? 

d. Do t^e students find out whether their answers or . 
statements arc right, almost right, or wrong? 

e. Are assignments graded and returned promptly? 

r Are students made aware of t^e goals they are 
trying to achieve? 

g. Arc students encouraged to set personal goals 
related to the mathematics curriculum? 

h. Is a large portion of the students' time spent 
working on tasks that lead to success and legitimate 
feelings of competence? 

i. Do assignments have graduated levels of challenge 
(some success is possible for all, ^nd everyone is - 
challenged)? 




j. Are students encouraged to work on projects for 
extra credit and enrichment? * 

k. Are tests designed to cover and reflect the level of 
the instruction? 

1. Are the objectives of each lesson dearly 
communicated to students? 

. m. Are community resources identified and utilized to 
extend classroom learning and to model 
achiev^mCTif and enjoyment of mathematics? 

n. Are community interests tapped to promote student 
growth and achievement; e.g., donation of computer 
time by public agencies, private industry, univer- 
sities, and colleges? 

Adequate and Pr(|[luct]ve Learning l^me 

A crucial component of the mathematics program that 
directly affects student attitudes and achievement is the 
amount of time students spend studying mathematics. 
However, a clear difference exists betweennhe timfe allocated 
to mathematics and the time students spend working 
productively on ;the subject. It is understandable that there 
may be discrepancies in the time devoted to learning 
mathematics among different school sites, grade levels, and 
even classrooms at the same grade level. It is essential that 
differences in time allocations be carefully scrutinized; and 
those differences should.be minimized by having schoolwide 
agreement on allotments of time and by setting an equitable 
school schedule. \ 

An important part of learning mathematics is doing it. In 
an effective mathematics program, students are actively and 
positively involved in the learning process. The time spent 
Watching and listening in class should be balanced with the 
time spent asking questions, responding to questions, 
interacting, and writing or recording. Drill and practice, av 
daily necessity, should be provided with a clear emphasis on 
both developing skill and maintaining interest. In review 
ex?rciscs, students should have to think about mathematical 
concepts rather than operate in a mechanical way. 

More important still, to make the time given to mathe- 
matics productive, teachers should rarely or never assign 



Although often quoted oj, 
"There is no royal road to 
learning,*\ the original, as 
written by Euclid, read, "There 
is no royal road to geometry," 
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whole pag^ of essentially the same problem; for example, a 
page of acnlition of two-digit numbers or a set of* word 
problems whose solutions require that the smaller number b( 
subtracted from the larger number. Students should learn to 
select the appropriate arithmetic operations rather than folio 
examples blindly. \ 



What to look for: 

a. Are students actively involved in mathematics study 
for the entire allotted^ time period, or do they 
spend time waiting for assistance or informlation, 
copying material, preparing for &tudy, or engaging in 
off-task activities? ; > 

b. At the elementary level, is there an agreed-upon 
time '-allocation for mathematics at each grade level? 

c. 'Do teachers honor the agreed-upon time allocation 
for mathematics? 

d. At the secondary level, are class schedules adjusted 
to minimize the loss of instructional time because of 
scheduled interruptions, such as assemblies, fire 
drills, sporting events, and school plays? 

e. Are students assigned interesting tasks related to the 
instructional topics while the teacher takes 
attendance, signs passes, and so forth? 

f. Is the teaching well organized, sequential^ and 
direct? i 

g. Docs the tea^ncp give clear directions about the 
goals of the lesson and set clear standards for the 
students' role in cooperating to achieve the goals? ^.^ 

h. Is lecture time balanced with the time spent asking 
questions, responding to questions, interacting^ and 
writing or recording? 

i. Does direct instruction and student participation 
predominate over drill and desk work? 

j. Is a reasonable time limit set on achieving objectives 
and accomplishing tasks after initial instruction has 
been completed? 

k. Are transitions from one subject or period to the 
next accomplished with speed and a minimum 'loss 
of instructional time? 

I. Do the teacher's assignments and behavior 

emphasize the development of good study habits for 
the students? For example: 

(1) Students read and dispuss directions. 

(2) Home study assignments call for the use of a 
^ variety of skills. 



(3) The teacher draws on the students' prior 

learning; e-g., when asked, "How do I do ^hisT' 
the teacher asks the student, "Tell me what you 
have already tried," or "Identify where you are 
having trouble." 

The Role of Home Study 

Home study is another important component of the • , 
mathematics program, as it extends the amount of time 
students spend in 4earning and applying mathematical 
concepts. It also prepares students for the demands that will 
be made upon them to think and work independently in jobs 
or in universities. Homework should reinforce the concepts 
learned in class and should be completed before cla^s. In a 
high quality program, class time should be devoted primarily 
to interactions between the teacher and students or among 
peers; so homework should be used in class only as a 
discussion tool for solving problems and enhancing the use of 
the language of mathematics. 

Home study is an important way of extending produc- 
tive learning time. Thus, homework assignments should 
be designed carefully to relate to in-c|ass lessons and to 
reinforce concepts and solving skills. This means that every 
student should have a copy of the textbook to take home for 
individual study. If students are to develop good study habits 
that will transfer later to good career choices, it is important 
that those habits be reinforced in school. For example," 
teachers should encourage students to explain assignments' ^nd 
ask students to restate written and oral directions in their own 
words. 

There should be schoolwide agreements on the purpose of 
homework, the amount expected, and the consequences of not 
completing the homework on time. Parents should be 
informed of these agreements and how they can help make 
them work. 




What to look for: 



a. 



b. 



c. 
d. 



Is most of the homework related to content being 
learned in the classroom and designed to reinforce 
the .skills and concepts taught there? 

Is homework an integral part of the 
teaching-learning process? For example, is it assigned 
in such a way that allows students to discuss and 
respond to what is expected, rather than as a 
"parting shot" as students leave clas.s? 

Do students understand the homework assignment? 

Does every student have a textbook which can be 
used at home? , 




Homework assignments should 
be designed carefully to relate 
to in-clas's^lessons and to 
reinforce excepts and solving 



skills 
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Computer literacy include* 
knowledge of a computer 
language J mastery of computer 
programming nkilln, and the 
ability to understand and 
organize computer data. 
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c, Do students complete homework problems, as 
assigned, and discuss them when necessary? 

f. Arc parents provided with suggestions and guidelines 
on how to supervise and assist their children with 
homework? 

g. /Are there well-known and uniformly applied conse- 
quences for not completing homework on time? 

h. Are parents contacted when students fail to complete 
' homework. assignments on time? 

i. Is there schoolwide agreement on the quantity of 
homework assigned? 

S 



Calculators and computers offer a rich source for 
mathennatics learning experiences. When these tools are used 
creatively and in a timely fashion, they ^an enhance students' 
appreciation for mathematics as a process while facilitating the 
accomplishment of a variety of learning objcctiveSi 

Teachers in the schooTs mathematics program should be 
responsive teethe fact that the use of calculators and computer 
literacy will increasingly become a condition for employment 
in both nonprofessional and professional jobs. Computer 
literacy includes knowledge of^a computer language, mastery 
of conlputcr programming skills, and the ability to understand 
and organize computer data. 

Use of Calculators and Computers 

Great care must be taken to ensure that calculators and 
computers are employed to supplement and motivate student 
learning. In a high quality mathematics program, their purpose 
and need will be thoroughly discgssed and agreed upon before 
substantial purchases of hardware and software are made. 
Their use should be based on clear educational goals rather 
than on an assignment of repetitive problems to "punch" into 
a calculator or of nonproductive "playtime" on a computer, 
Calculatorsjand computers may be used effectlveTy for 
reinforcement activities if the teacher plans the activities to 
generate interest and curiosity. For example, students may 
learn about order of operations from the problem of 
multiplying (18075 + 35792) by 2. The answer to the problem 
on a calculator, 107734, when turned upside down, is 
"HELLO!" This type of exercise can motivate students to 
work on a wide range of mathematical skills and to make up 
problems of their own. 

It is imperative that the use of calculators and computers 
not supplant the learning of the essential computing skills. 
Neither calculators nor computers are substitutes for recall and 
understanding of the operations and processes they are 
designed to perforki. 

In addition, the instructional materials (software) selected . 
for the mathematics program should provide opportunities for 
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calculators and computers to be used as an integral part of 
mathematics instruction. Other specific uses for calculators and 
computers in the classroom may be found on pages 75—83 of 

the Mathematics Framewor_k_amU.he J98 

California Public Schools. In a high quality mathematics 
program, calculators and computers are used for: 

f Reinforcing computing skills 

• Providing imrnediate feedback on mathematical processes 

• Checking thj/accuracy of answers and locating errors 

• Discovering concepts and relationships 

• Providing enrichment opportunities 

• Applying problem-solving skills 



\ 



What to look for: 



Arc calculators and computers and accompanying 
software selected and purchased on the basis of their 
potential for enhancing the objectives of the 
mathematics instructional program? 

Arc there established criteria for textbook and media 
.selection that refer to the use of calculators and 
computers at all levels? 

Does the program provide opportunities for students 
to use calculators and computers in all mathematics ^ 
skill areas? t^ov example; 

(1) Motivation 

(2) Enrichment 

(3) Problem solving 

(4) Student assessment 

(5) Drill and practice 

(6) AppHcation 

(7) Reinforcement and review 

(8) Development of new concepts 

Do students demonstrate their knowledge of the 
usefulness of calculators and computers by using 
them m practical ways; e.g., checking the accuracy 
of previously completed compulations, working on 
the data from newspapers, and checking bills from 
utility companies? 

c. Arc direct learning activities on calculators and 
computers^ such as programming, student 
assessment, and problem solving, given more 
emphasis than gamqs and playtime? 

I, Is there a well-designed curriculum that leads to 
computer programming at t'hc upper grade levels? 

Do the advanced mathematics courses offer students 
the opportunity to develop programming abilities? 

h. Are (he uses of computers in society presented by 
community persons with technical knowledge? 
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Skills Required by the New Technology 

With incr^scd use of calculators and computers, it is 
essential that estimation and mental arithmetic be established 
as~Righ priority skills tFat sTud en ts need to butld" regularly arid 
consistently. For example, most calculators do not supply ^ 
printout of what was entered; therefore, it is most important 
for the user to have a sense for the approximate si?,c of the 
answer.' Thus, it is just as important for students to learn to 
estimate how big an answer should be as it is to learn to use 
the calculator to get the answer. 

To use calculators and computers effectively, students must 
learn to use mathematical symbols precisely, and they must 
learn, that a direct relationship exists between mathematical 
thought processes and electronic processes. For example, 
students who do not use parentheses properly are made keenly 
aware of the need for such precision when they discover that 
punctuation affects what the calculator or computer will; do- 
In fact, if the users do not follow the required steps or 
misspell words, the device simply refuses to respond. Such 
inaction can be very effective at improving the students* desire 
to be precise. 




What to look for: 



b. 



c. 



Docs each student have opportunities for developing 
a sense of the approximate she Of answers? 

Arc students given experiences that enable (hem to 
sec what calculators and computers will Or will not 
do if proper operations arc not observed? 

In courses or units dealing with calculators and 
computers, do the teachers stress uses, capabilities, 
limitations^ misconceptions, misuses, and dangers of 
the equipment? 
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Support for Implementation 
of a Quality Mathematics 
Program 



In parts II and III of this handbook, the emphasis has been 
on (he actions in the classroom the part of the mathematics 
^program that serves the .students directly. This part describes 
the support system needed to enhance that service. However, 
in the development of a support system for any instructional 
area, there arc common considerations, and in this handbook, 
the precepts that seem to be most needed in mathematics 
instruction will be presented and Illustrated with mathematics- 
related examples. Mutual respect and support among 
teachers, administrators, parents, and community form 
the foundation of an effective mathematics program. For 
example, as students learn that mathematics skills are 
necessary to everyday life, they should sec that this skill 
development is expected and supported at home, in the 
community, and in all areas of the school program. 

An assessment of the support for learning in a .schooTs 
jnathcmatics program should include careful consideration of 
the following elements: 

• 7he .school climate. It is important that administrators, 
teachers, parents, community members, and students work 
together as a team to coordinate resources and to 
improve coniirtually the quality of the mathematics 
program. 

• sSiaff de\'C'topment. Fach school site should have, and 
have maintained, an ongoing process in which instruction 
is improved through creative and stimulating tcachcr-i 
training experiences. f 



I he climate of a success-oriented mathematics classroom is 
enhanced by the involvement of the many resources available 
to a school, including faculty, parents, district and school 
administrators, local busirursscs, local institutions of higher 
learning, and professional organizations. What happens in the 
mathematics classroom is not independent of either what Is 
happening in the school or in the students' homes. 




A ii mi nisi ra r o r,i , ivarh e r^, 
parontn, community memb<*r$^ 
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HYPATIA OF AI.KXANDRIA 

170 4lS 



Although regartied an one of tho 
great philoMopherM in history^ 
Hypatia of Alexandria, Egypt. 
u^M aUo highly regarded a$ a 
mathematician and astronomer, 
She was a very popular lecturer 
anfi became the mont 
well' known figure of the 
\eoplatonic nchool in 
Alexandria* 



The Climate of Achievement at the School Site 

. At the school site, the cooperation of the teaching staff and 
administration is absolutely essential in crcatihg a high quality 
program, In mathematics cooperation is particularly important 
for; articulation among grade levels; attention to productive 
learning time; establishment and maintenance of classroom 
control; provision of sufficient and appropriate instructional 
materials; assurance of ongoing contact with parents; and 
maintenance of communication with various community 
resources, 

Regular meetings between the administrators and all or part 
of the faculty are important for discussing special problems 
related to the teaching of rpathcmatics. One of the issues the 
faculty and administration should address together is the 
establishment and maintenance of schoolwide standards for 
attendance, punctuality, classroom behavior, and academic 
work. Procedures to ensure uniform, just enforcement of 
standards should be regularly and systematically applied, 

Planners of an effective school program will also see that 
teachers are enthusiastic and interested in each others' teaching 
experiences* The entire school staff will reflect an attitude that 
academic achievement is the primary purpose of the School 
and that students havj; the right to learn in an atmosphere 
where they are respected as people. 

The scfiool counselor is an important member of the school 
site team, especially at the junior and senior high school 
levels^ Counselors, for example, can assist parents and students 
in making the best possible choices of classes; however, to do 
that type of counseling, they should be knowledgeable xii these 
areas; (I) the content of the mathematics program; (2) career 
and academic opportunities; (3) the needs, interests, and 
talents of the Students; and (4) the mathematics that is needed 
for various career choices. 

The need for counselors and teachers to be knowledgeable 
about the mathematics requirements for college-bound students 
is underscored by the vast number of students who are 
entering colleges and universities without the three years of 
high school mathematics that is necessary for the study of 
calculus, a course that is required for over 75 percent of all 
college majors. 

Teachers and counselors should also encourage women and 
under-represented minorities to pursue more mathematics 
courses in high school, The EQUALS Project at Lawrence 
Hall of Science, Berkeley, has dramatically called attention to 
the way these groups have effectively shut themselves out from 
careers that require mathematics preparation. The correct 
information on the mathematics needed for careers is available 
through the National Council of Teachers of Mathematics and 
the Mathematical Association of America. Counselors and 
teachers of mathematics should also seek feedback from 
graduates regarding career and college preparatory 
information. 



What to look for: 



a. Docs a committee composed of school adminis- 
trators, faculty, parents, students, and community 
members meet regularly to monitor and assess the 
mathematics program? 

b. Arc there schoolwidc standards for punctuality, 
attendance, classroom behavior, and academic work? 

c. Is there evidence that administrators set aside time 
to mainiam regular communication with the teachers 
regarding instructional needs, available services, and 
support? 

d. Do the aides and volunteers have a clear under- 
Standing of the mathematics program and their 
roles in supporting it? 

c, t)ocs the mathematics program receive an equitable 
share of the school budget? 

(. Do counselors and mathematics teachers have 
current information about career options and 
university requirements related to the level ol 
mathematics taken, and are students given that 
information? 

g. Do counselors and mathematics teachers seek 
information from former graduates about how the 
schools mathematics program met their needs? 



Parent and Community Involvement 

In an effective mathematics program, contact with parents 
occurs regularly, rather than just when difficulties arise, 
Ica^'hcrs must remember that their students do not need to be 
totally successful in mathematics before positive comments^are 
sent home. For-4:xampIe, teachers should use progress reports 
10 give parents good news about their children or simply to 
send some general information home that will elicit more 
support or praise for the students' mathematical progress. At 
the secondary level, teachers may give students written 
mformaiion on careers that require a knowledge of mathe- 
matics and encourage them to share and discuss that 
information with their parents* At all grade levels, parcnt- 
toachcr events arc an important part of building a 
support system that reinforces the concept of the school as a 
posttivc learning environment in which students arc provided 
with skills they need. 

The resources that can be used for instructionaJ support arc 
diverse and numerous. In an effective mathematics program, 
teachers use resources that enable Students to sec the 
relationship of what they arc learning to their present and 
future lives, hot instance, many parents have mathematics- 



In an effective mat hematics 
program, contact with parents 
occurs regularly, rather than 
just when difficulties arise. 
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related jobs or hobbies and are willing to share their 
mathematical expertise with their children's classes. Local 
businesses and institutions of higher learning can be another 
source of guest speakers or career information. Often they are 
also willing to provide materials that can be used for 
mathematics projects or group presentations. In ition, 
Work-lcarn opportunities for the students in the community 
often motivate the students to learn mathematical concepts, as 
they see firsthand how knowledge of mathematics is applicable 
to career situations. 
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What to look for: 

a. Do teachers make phone contacts with the parents 
of their students early in the school year and 
whenever encouragement of the students' progress at 
home is necessary? ' • 

b. Da^teacherS maintain contact With parents through ^ 
progress reports, career information, and suggestions 
for support of the students* progress in mathematics? 

c. Docs comrnunication to the parents concerning the , 
program include a mechanism'for responding to the 
school? . 

d. Are meetings involving parents and adrhinistrators, 
support staff, iqachcrs, and district office liaison 
personnel held during ih^ year? 

e. ^Are parchts and students made aware of course 
offerings, major objectives of the mathematics 
program^ and relationships of courses to career and 
university requirements? 

f. Are meetings scheduled at convenient times for 
parents and business representatives to discuss job 
opportunities, job requisites, and career optioh.s? 

g. Is someone on the staff designated to establish 
contact with businesses in the community? 

h. Does the staff-community liaison person make the 
staff aware of work Opportunities available for 
studentVin the comrtiunity? 

1. Is recognition given to businesses and agencies that 
are involved m the school's work experience 
program? 

J. Do students have access to the following community 
resources so they can see how mathematics is used 
in real life situations? 

(1) University personnel 

(2) Research and laboratory personnel 

(3) Business and industry staff 

(4) Paraprofessionals and volunteers 

(5) Other faculty members 
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k. Is the classroom expanded to include the 

community, when appropriate, so that concepts 
learned in mathematics classes can be applied to real 
objects and real ^ituationst e.g., local busincssc^^ and 
industries, parks, banking institutions, newspapers, 
cnvirbnmcntal and recycling center^? 

- I, Do students have class projects that require them to 
interview people who use m^ilhcmatics in their 
carcerSi such as plumbers, electricians, accountants.' 
computer programmers, and so forth? 

Coordination at the District Level ' 

An essential support clement in a high quality mathematics 
program is the effective communication among feeder schools 
(i.e., elementary or junior high) and receiving schools (i.e., 
junior- or senior high schools or colleges). Mathematics ' 
teachers, representing different grade levels, should meet 
regularly to discuss programs, student needs, and strategies for 
improving continuity throughout the program, kindergarten 
through grade twelve. 

Also* the mathematics representatives of the schools sh.puld 
participate in the design of the district's course of Study, 
proficiency requirements, and other district-level curriculum 
requirements related to mathematics. Finally, the district office 

-should cjisure adequate funding for instructional materials and 
release' tinrit for staff to participate in districtwide meetings, 
staff development programs, development of materials, and 

• other instructional support functions. For some activities, the 
office of the county superintendent of schools and the vState 
Department of Education can provide valuable assistance and 
should be consulted by the district staff. 

Another important responsibility of the district adminis- 
tration IS support of staff development programs at the 
district and school site levels, Ihis responsibility is discussed 
in greater detail on page 47. 



**/ am convinced that it h of 
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What to look for: 



r)ocs a schedule exist for a district or county 
mathematics liaison person to meet with the 
mathcmaiies committees from each school on a 
regular basis'' 

Is there evidence of district-lcvcl and county-lcvcl 
support of efforts to improve the. school's 
miuhcmaiics program, c g , development of needs 
assessments, assistance with program evaluation, 
scleciion of instructional materials, and assistance 
With staff development activities? 
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/ . ^ ... 

i c» Does a districtwidc committee of representatives 

I from each school meet on a regular basis to design, 

monitor, and assess the district's mathematics 

* program; e.g., thS^4esign of distfict mathematics 

courses of study> rrtathematics proficiency 
requirements, and other district-level curriculum 

j requirements? J 

d. Does the district provide release time for faculty to 
I meet with teachers in other school program's or' 

with teachers at different grade levels? 

I c. Is a published summary of mathematics infor- 
\ maiion, including services and rcsourcesv sent 

; from the district office to all staff on a regular 

^ \ basis? 

' f. flas the school designated a staff member who will 
receive information from the district, county offices, 
! and other sources on a regular basis and disscmi- 

\ naie It to the rest of the Staff? 

1 

g. Are new materials put on display in a prominent 
' place, ^such a$ the staff lounge? 

h. Does the district office provide fundmg support for 
' in-structional materials and release time for staff to 

j participate in districtwidc meetings^ staff devel- 

opment programs, development of maierjals, 
and other instructional support (unctions'' 

' r Does the district office provide information to 

' ' schools about lundmg sourc^-s available to support 

the mathematics program? 

r |. Do district support staff persons, such as librarians, 

• couHi^'lors, and consultants* provide time in their 
schedules to work with staff members in imple- 
menting their mathematics program?. 

k. Is a liaison person assigned the responsibility ol 
jinking resources (rom universities and colleges with 
school sites through such programs as licid study 
and graduate degree courses? 
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Is a Ihiison pcrso* assigned the responsibility of 
lacilitating the communication between sccondars 
suhool teachers, elementary school teachers, and 
c{)llege and university personnel'.' 

Is a sttTt^ member responsible for ensuring that 
categorical support services are coordinated with the 
regular progr^im'* 

n Docs the district office have availabljc support 
mechanisms (or assisting schools with program 
improvement, e g , use of computer facilities (or 
tabulating questionnaires on program evaluation 
and needs, consultation or assistance in proposal 
writing for fc<leral, state, or private agency (unding'* 

0 Is assistance (rcim offices of county superintendents 
of schools and the State Department of ('ducattoh 
solicited and used when available^' 

p Is an individual who is well versed in computer 
technology available to the school as a resource** 
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An effective mathematics program grows and changes in 
response to the growth- and changes in use?; of mathematics, 
educattonai.^nnovations, and tn faculty and student needs It is 
well known dhat the number of careers requiring higher levels 
of mathematics iS increasing. Not so well known is the 
shortage of qualified teachers of rriathematics entering the 
teaching profession and the related need to retrain and 
recertify teachers in nonmathematics subjects to fill the void 
Staff development is the most important activity in the 
support program for keeping pace with these changes In a 
quality mathematics program, the entire school team is 
committed to work cooperatively to maintain excellence in the 
existing program while seeking ways to improve the quality of | \' 
that program ' ' | / 

Criteria for Good Training "J * 

I ffective staff development IS the ongoing process that ^ 
provides for the continuous growth and development of all the ( ^ 




Mathematics teachers should 
have opportunities to (fevelop 
teaching skills for the 
nonmat he matical learning needs 
of their students. 



professionals who are directly involved with the edjication of 
the students in that school or district, and staff developrpent 
provides for the growth and interaction of the staff as a unit 
in a specified effort. It includes a wide variety of activities for 
the staff; for example, observations of exemplary programs, 
workshops, institutes, forums, and conferences. 

Staff development programs that seek to improve instruction 
through teacher training must include presentation, of relevant 
theory, demonstrations of desired behaviors^ opportunities for 
practice with feedback, coached afJplications of what is 
learned, and frequent occasions for teacher discussions and 
dialogues. When teachers are able to learn from each other's 
insights and experiences, their skills are strengthened. 

Research has shown that the most successful training 
programs are conducted during regular working hours or at 
other times when the trainees are likely to be'fresh and 
enthusiastic about learning. The least successful programs are 
those conducted immediately after the regular working, day 
when the trainees are likely to be tired and unenthusiastlc 
about bfeing trained. Staff development programs that include , 
fqjlow-up activities are more effective than "one-shot" 
presentations. . 



25. Is the stqff given opportunities to develop 
new sldtts, practice new techniques, and 
discusis critical issues? 



What to look for: 

a. Do staff development activities, as well as district 
curriculum meetings, provide time for discussions 
concerning curriculum? 

b. Do the teachers havcy^opportunities for extending \ 
their knowledge of mathematics; e.g., properties of 
number systems, the metric system of units, 
computer programming, mathematical proofs, and 
sim^ applications of number theory? 

c. Arc there regular opportunities for planning staff 
development activities based on group aTKi individual 
student needs? j/ 

d. Do teachers receive training in the use of new 
mathematics instructional materials adopted by the 
school or district? 

^ c. Do teachers in subject areas other than mathematics 
have opportunities to learn ways to reinforce 
mathematical .skills in their courses? 

f. Dp mathematics teachers have opportunities to 
develop teaching skills for the nonmathematical 
learning needs of their students? 

g. ' Do teachers have opportunities for improving their 

teaching skills through a variety of programs; e.g., 
^ * teacher exchanges, conferences for teachers of 



mathematics, and workshops for practicing teaching 
techniques? 

h. Is staff development respected as a high priority 
activity and offered at times appropriate to teJ|chcrs' 

. workday? 

i. Arc teachers encouraged to study and discuss 
articles, books, or documents which present theories 
or issues relevant to mathematics instruction? 

j. Are staff development activities continued to ensure 
implementation in the classroom? 

k. Do follow-up activities of training programs provide 
opportunities to practice the prescribed-teaching 
behaviors and to be coached when necessary? 

The Importance of Assessment and Support 

Those responsible for planning and implementing effective 
(,staff development programs must relate student heeds and 
achievement to the teaching needs of the staff. Teachers must 
be consulted regarding their professional training needs and 
their students' learning difficulties. For the plan to be 
successful, high levels of staff participation also are necessary. 
The planning and coordination X)f staff development activities 
should be the responsibility of teachers and others representing 
all groups in the pchool community. The staff development 
planning should be correlated closely with the mathematics 
program planning group; for example, if calculators and 
computers are to be used in the mathematics program, 
classroom teachers at all levels will need to acquire additional 
skills. And the school plan should provide opportunities for 
"teachers not only to acquire the new skills but also to increase 
their knowledge of the Wide variety of uses for calculators and 
computers. 

In addition, the staff development plan should be based on i 
information about how the school's mathehiatics program has 
met the needs of the students who have completed the 
program. This information can be collected for an elementary 
level mathematics program through infoYmal interviews or 
short quesStionnaires given to parents of former students and 
surveys of performance at receiving schools. At th<J secondary 
level, information can be gleaned from graduates two, four, 
and six years after graduation. The information from parents 
or graduates should be compiled and combined with other 
relevant information to design and generate interest in staff 
development programs. ' 

The information gathered. on the needs of the faculty and 
students provides a solid foundation on which a school's staff 
development committee can build a program. The activities, 
resources to be used, scheduling of topics, guest speakers, 
frequency of activities, and so forth should be well planned by 
the school staff development committee and should include 
continuous reassessment and feedback obtained from 
participants, administrators, and others involved. 



J 



"Dear fellow teacher, do not 
accept any authority except your 
own well'digented experience 
and your own well-considered 
judgment. Try to ,i<»e ^clearly 
what the advice means in your 
particular situation, try the 
advice in your classes, and judge 
after a fair trial.*' . 

h'HOSf MATllKMATK Ai. DISiOVKR Y 

tn ch.OKCh: roi.y i 

(« 1981. by John Vl llry A Soum, Inr.) 
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Staff development is a learning 
process for individuals that have 
different needs in different 
schools at different times. 




It is important that district administrators, recognize the 
importance of staff development and support the efforts of 
school personnel to learn new skills. It is also important that 
staff development programs throughput the district be flexible 
in content and format. 'District support should be available in 
the form of funding for staff training, release time for teacher 
participation, and assistance in making needs assessments and 
designing training programs. District staff can be particularly 
helpful in arranging for the use of local resource people, 
universities, and regional service centers. It is important to 
remember, however, that there is no single best district staff 
development program, because staff development is a learning 
process for individuals that have different needs in /different 
schools at'different times. 



What to look for: 

a. Docs the district and school have an established 
proccss*for continual assessment of teacher and 
student needs for constructing a staff development 
pi;ograra? 

b. Arc students \yho have completed a school's 
mathematics program interviewed two years or 
more aflfer completing the program? 

c. Has the school designated a staff member who is' 
responsible for staff development planning? 

d. Is the school's staff development planning based on 
support personnel, such as parents^ aides, 
counselors,' and volunteers? , 

e. Are there grade-level and cross-grade-level, meetings 
of teachers , to determine staff development program 
goals and activities? 

f. Does the administrative staff- participate in .school 
staff development programs? 

g. Docs a strategy exist for needs as;se.ssmcnt to 
precede the selection of specific'staff development, 
activities? 
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h- Arc teachers in subject areas other than mathe- 
matics encouraged to become knowledgeable about 
integrating mathematics in other curriculum areas? 

i. Are teachers familiar with professional journals, 
. newsletters, and research bulletins? 

j. Does one component of the staff development plan 
.relate to providing staff with knowledge about the 
appropriate use of available instructional materials? 

k. Are district stafftrainir^ programs flexible enough 
to be responsive! to the \iecds and concerns of 
individuals on tne ^taff/ 

1. Do teachers l\ave access to staff development 
offerings in coffrputer science and the educational 
uses of calculators? 

fl • 

m. Are;>periodicals related to instruction in the use of ^ 
computers and calculators readily available to the 
staff? 

Maintenance of Goals 

Good staff development programs provide for the 
continuous monitoring of skills learned or goals me,t, and the 
regular staff meeting is an effective starting point for such a 
maintenance system. Part of each agenda should be devoted to 
the Reinforcement of teaching skills and the promotion of 
mutuaJ support. It is also important to review commitments to 
^program goals and plans for future training. Such discussions 
and exercises provide for the development of a support system 
so that participants will feel they have access to professional 
help when specific teaching problems arise. 



Teachers in nubject areas 
other than mathematics are 
encouraged to become knowl- 
edgeable about integrating 
mathematics in other curricu- 
lum areas. 




TKN COMM \M)MKMS fOH TKACHKKS 

When the (Ommitlee that developed this handbook met with 
. George Polya, the distinguished mathematician, one member 
asked him what teachers of mathematics .shouhd be told about 
problem solving. He suggested they be given his "Ten 
(Commandments for Teachers'': 

L Be interested in your suhject. ^ 
2. Know your. subject. > 
.3. Know ahout the ways of learning: The best way to learn 

anything is to discover it by vourHclf. 
\. Try to read the faces of your sludenls, try to see their 
expeclalions and dif firullies, put yourself in their place. 

5. (rive ihcm not only information, but "know-how,'' altitudes of 
mind, the habit oT methodical work. 

6. Let them learn guessing. 

7. Let them learn proving. . 

8. Look out for such features. of the problem at hand as may be 
useful in solving the problems to come— try to disclose the 
general pattern that lies behind the present concrete situation. 

9. Do not give away your whole secret at once— let the slujienls 
guess before you tell it let them find out by themselves as 
much as is feanible. 

10. vSuggesl it, do not force it down their throats. 

hHOM ^lATHKMATU AI. DIM OVKRV. fi) ChOHCh rOf ) i, » t'Htl. «) JOK\ Uff h ) A. SO\s. . 

I sh n m rhHMfssio\ Oh f Uh n niJsnhH 



P^^b^ication!f of profesnional 
organizations are available at 
each school. 




Ongoing evaluation of programs is important fbr the 
maintenance of skills and the planning of further staff 
development. The schooPs- staff development council should 
review the school's mathematics programs annually for the 
achievement of student learning objectives; continuity from one 
prerequisite course to another; relationship ' to new 
mathematiczrTapplications; and appropriateness of instructional 
materials used. . > 




What to look for: 



a. Does the staff development plan include an 
evaluation component thai has been developed in 
cooperation with the school's staff development 
planning committee? * 

b. Does the staff development evaluation focus on 
improvement of \Staff skills and student achievement? 

c. Are the activities of teacher centers and mathematics 
organizations announced as a regular part of the - 
staff meeting agenda? 

d. Are publications of professional organizations 
available at the school site; e/g^., the California 
Mathematics Council, the National Council of 
Teachers of Mathematics, and their regional affiliate 
organizations? 

e. Has a procedure been e^stablished for the routing 
and posting of materials and information related-io 
local, regional, and statewide st^ff development 
training programs? 

r Does the staff development planning make use of 
community resources when appropriate? 

g. Is there a district office person who is responsible 
for staff development and who meets j-egularly with 
representatives from administrative and instructional 
school staffs to ascertain common areas of need? 

h. Is there an established system of communication 
j(e.g., newsletters, meetings) between the central office 
and all schools regarding individual staff 
development programs? 

i. Does the district office identify and summarize 
information available outside the district about 
resources that support staff development programs? 
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Planning for the Improvement 
of the Mathematics Program 




Overview 



1 



In describing the elements of an effective and exemplary 
mathematics program, the writers of this handbook have 
focused on what students learn, how they learn, and what 
support is needed for that learning to take place. ^Such a 
program must be based on careful planning in which teachers, 
administrators, parents, and students reach agreement on what 
is expected of students and what the school's program should 
be in order to meet the students' expectations. It is essential 
that planning be an all-school activity that takes place 
continuously throughout the year, rather than an isolated 
event occurring haphai^irdly or without direction. 

Planning for- change depends on recognizing needs, and need 
is determined by examining the difference between the existing 
program of instruction and the desired program. The following 
checklist of essential program elements will facilitate an 
assessment of the mathematics program at any school and will 
help determine how effectively the elertients described 
throughout this handbook are being implemented in that 
school's program. F^Vequent referral to the examples and 
explanations given in parts II, III, and IV of the handbook 
should be helpful in making these determinations. 

In its present form, the checklist provides for an individual 
or a group to evaluate the level of effectiveness oC each 
program element, and this calls for a subjective judgment to 
be made; but the four columns in the checklist may be 
changed to describe the level of implementation of each 
program clement a more objective judgment, 

Once a program has been assessed, priorities should be 
established for planning the necessary improvements. F^lanners 
mav- find it useful to consider the reasons why particular 
essential elements or clusters of elements arc not "very 
effective'' or. not "fully implemented." The setting of priorities 
should take into account the reasons, such as the following: 

1. I he clem.cnt will be implemented later as f)art of a 
long-range plan. 

2. Much assistance in planning is needed before ^ 
implementation takes place. 

.1; hunds are needed for implementation. 
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"I'he most hvoutiful thing wv cnn 
vxperivncv in ihv mynierious. It is 
thv source oj all tntv art and 
scivnrv. 
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] 4, More agreement is needed among the planners. 

5, The element was never considered essential to the 
I program. 

j Before starting to mark this checklist, the users should note 

1 well that in some school programs, there may be essential 

1 elements that supersede those listed here; such elements 

I deserve the same level of attention and care as those listed. 

I Also, it should be noted that this checklist is not intended as 

! a teacher evaluation instrument. Lastly, the proper use of this 

I checklist requires careful reading of all the preceding text, not 

j merely a scanning of isojated sections here and there. 



WOKKIX; FROM INSIDK, WORKlX; KROM OT TSIDK 

KHlablinhirif^ oonlaolH bi'iwvcn ihv propo.scd problem and hi8 
previoiJ8 fxprrirnoo h oorlainly an OHHcniial part of ibr problem 
Holver'n prrformanoi'* He can try to (JiHOuver .mioh contaolH "from 
inHule'' or "from oulHicJe." Tie may remain vyiihin the problem, 
examinini^ ilH elemenlH till he finds one that in capable of allraclinj^ 
«ome unable element from outside, that in, from his previously ^ 
acquired knowledge* Or he may go oulHide the problem, examining 
bin previously acquired knowledge until he finds some element 
applicable to bin problem, Working from inside, the problem solver 
scans bis problem, its component parts, its aspects* Working from 
outside, be surveys bis existing knowledge, and ransacks the provinces 
o( knowledge that are most likely to be applicable to the present 
problem, The two parts of Vijf,* 11.2 attempt to give visual expression 
to **rnside" and "outside" work. 




/ \ 

Fig. I \ ,2, \i orkiiig from inHiitr, uorking from oulHlde— lo pirrre ibr rloiids. 

/'/ «W/NN/0\ //// til I'^Ht H 



Checklist for Assessing the Quality 

of a School's Mathematics Program . 



The Content of the Mathematics Program 

(What Students Learn) 

Some^ 

g whMt Vtry 

Ineffec' efjtt- kjjeo tJJeC' 

The Language of Mathematics (See page 6 in the text.) nvt the avr 

The mathematics program provides the following: 

1. vStudents use mathematical terminology fiuently. . ^ . =^ ■ 

a. fhc correct mathematical terms and symbols are u,sed 

consistently in the elassroom. ^ . — - -~ ^ — <■ - — 

b. Students are provided a variety of experiences for 

learning mathematical terms and symbols. ^ ^ ^ ^ ^ ^ 



2. vStudents can communicate in mathematics; 

a. Students can use appropriate terms and symbols to 
communicate what they have learned in mathematics. 

b. Students have opportunities 10 draw logical conclusions 
and prove conjectures. 

c. Students have opportunities to give class reports on 
independent study projects. 



A Comprehehsive Mathematics Curriculum (vSee page 8 in the text.) 

The mathematics program provides the following: 

3. The mathematics program covers the breadth of 
required mathematical skills. 

a. By the end of the eighth grade every student has had 
opportunities to learn all the essential skills and concepts 
needed for high school mathematics. 

b By the end of the twelfth grade, every student has hud 
opportunities to learn all the essential mathematical skills 
and concepts needed for his or her colicgc;:^ preparation 
and consumer needs. 

c. Students have ample opportunities in each area of their 
Studies to acquire the skills needed to meet minimum 
requirements for graduation. 
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A Comprehensive Mathematics Curriculum— Continued 

The mathematics program provides the following: 

4. The mathematics prograiYi has depth. 

a. vSludents can relate newly learned skills and concepts to 
those learned previously. 

b. I.carning tasks are provided io build an understanding of 
mathematics well beyond the level of simply knowing the 
"facts." 

c. Students learn io apply their knowledge of mathematics 
to problems in the other subject areas. 



Somt' 

Intlfec' fiftc' EJJfc- tffec-^ 
Iht Ihr the livt 



5. A high priority is given to mathematics instruction 
both in the schooUlcvel plan and in practice. 

a. The mathematics program is reviewed .and planned 
through mutual agreement on objectives and priorities by 
representatives from the entire school community. 

b. The mathematics program supports objectives and 
priorities in other subject areas and other school plans. , 

c. Mathematics instruction at the same grade level or in the 
same courses provides comparable learning experiences 
and skill development. 



6. Remedial instruction is available throughout the 
mathematics program. 

a, At all levels ol mathematics instruction, students have 
opportunities for remediation and assistance on an 
individual basis. * 

b I he remediation activities improve attitudes toward 
learning mathematics and avoid repeating previous 
learning difficulties. 



7. Adequate courses and information are available for 
those students preparing to go to college. 

a Information about the college and career mathematics ^ 
requirements for the fields students intend to enter is 
available to the students and parents. 

b (*ollege preparatory students have goOd opportunities for 
studying trigonometry and other advanced mathematics 
courses needed for college. * 



Skills in Computing (See page 16 in the text.) 

( Thti mathematics program provides the JoUowing: 

\8. Computing skills are taught through interesting and 
\ challenging activities. 

a. At the elementary level siudcnitN learn io compute with 
whole numbers, common fractions, and decimals by first 

, understanding the u nderlyina._concepis. 

b. Students at all levels pract/cc the computing skills they 
have acquired with a daily program of inicresiing 
reinforeemeni activities. 

c. Students develop an understanding of the practical uses 
ol computing skills in solving real iilc problems. 



Some- 

what Very 

Inefftf' ef/ec- Hffec ejfec 

the the the the 



9. Students learn to estimate and to check their answers. 

a. Stydents are encouraged in a variety of vyays to compute 
without usmg pencil and paper or other visual references. 

b At all levels of mathematics instruction, students learn 
many simple and convenient strategics for checking the 
reasonableness of their answers. 



Problem-Solving Skills in Mathematics (Sec page i8 in the text.) 

The mathematics program provides (he JoUowing: 

10. The skills of formulating and analyzing problems and 
finding and interpreting solutions are cmphasi/ed, 

a Students learn to (ornfulate and state problems from 
situations that involve superfluous or vague information 
and that do not follow simply from examples given in the 
book or in the elass 

b Students learn a variety of strategies for analyzing 
mathematical problems and representing them in 
mathematical terms ' ^ 

c Students develop the skills for applying the mathematical 
principles and processes needed to find the solutions to 
problems 

d Students have opportunities for diseussing the solutions 
they have found in terms of the merits of different 
approaches and possible extensions to other problems. 
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The Methods of Teaching Mathematics 

(How Students Learn) 



J .Some- * 

' wfmi Very 

Learning Styles and Teaching Strategies (See page 21 in ihe lexi.) 'T^/ 'o7r '^IZ 

The mathehtaiics program provides the following: 

11. Teachers provide for differences in students' learning 
styles. 

a: StU(i<;n(s arc given opportunities for learning in a wide 
variety ol instructional styles* groupings, and methods. 

h' St\idcnts arc encouraged and taught to use resources 
t)Utsidc their classrooms for extending their knowledge ol 
mathematics 



12. Many assessment techniques are used in designing the 
mathematics instruction, 

a Valid assessment procedures are used lor placing students 
in the mathematics courses or providing levels of 
uistructton that arc appropriate to their individual abilities 
I and Imiiiations 

b Students arc assessed regularly by means of a wide 
variety t)l assessment tools that allow for tliffcrent 
learning styles and language abilities. 

c Instruction is continuously moderated by on-the-spot 
assessments of the students* levels ol interest, depths of 
comprehension, and patterns ol errors. 



13. I he progress ol every student (s assessed and recorded. 

a Careful records arc kept on each siudcntS progress 
iow.ird learning (he prescribed mathematical skills and 
concepts 

h FVogress records arc up to date and readily available to 
the student and his or her parents and counselor. 

b l ach student is kept informed of his or her progrc^ss and 
can explain what the records mean 



14. Manipulative materials are used to reinforce the 
learning of concepts. 

a I he insirucijonal presentations and materials arc designed 
to lead the students carefully from the familiar to the 
unknown 

h Manipulative and other visual instructional materials are 
used To help students (icvclop a solid understanding of 
the concepts 
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Learning Styles arid Teaching Strategies— Continued whai Very 

* Ineffec- effec- tf/ec- e//ec- 

the the the dvt 

15# Students are grouped in a variety of ways to reinforce 

learning. — ' — — 

a. The grouping of studcnis for instruction is designed lO 

provide the best learning opportunity for each siudcni. . — ^ 

b. Students have frequent opporiuniiies for increasing their 
understanding of skills and concepts through sharing 

viewpoints and ideas with other students. * 



The Effect of Attitudes on Achievement (See page 29 in the text.) 

The mathrmaiks program provides for the following: 

16. Icachers use high expectations to motivate students to 
learn. 

a. I he teacher provides a creditable model for the level of 
performance expected of students through his or her own 
behavior as a professronal person. 

b. f verv student, regardless oi ability kvcl, is challenged 
equally with meaningful problems^ and stimulating 
questions 

c Icachers demonstrate high expectations for every student. 



1,7. Students are stimulated to learn through attainable 
challenges and justified praise. 

a. 1 cssons are presented jn sueh a way that every student is 
involved in a learning activity that relates to the lesson 
ob|cetive and that pr<^vides a reasonable opportunity for 
success \ r 

b Students understand the purpose of each learning task 
^ and are fully aware , of the amount of progress they have 

made toward the objective 

c I he teacher uses a variety of resources and people to 
stimulate a high level of interest and motivatio,n. 

d* Students consistently receive positive rcinforcernent (or 
commendable work, oral or written, and they arc ^ 
sensitivciv corrected when their work is not satis'^factory 



18. 
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A substantial amount of time is allocated daily for 
studying mathematics. 

a A specified time is allotted for the daily study of 
mathematics at the elementary school level, and 
mathematics elasses meet the allotted number of days per 
vcar at the secondary school level, as determined by 
schoolwidc agreement 
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The EfTect of Attitudes on Achievement— Continued 

b. RouUnc classroom pro'ccdurcs arc efficient, land 
uncxpccicd interruptions are handled with minimal 
disruption. 

c. All studcntj> are drawn into learning or thinking a'Tx^ut 
mathematics during class discussions, 

d. Good study habits are utilized when students arc assigned 
classroom activities. 



five 
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19. Home study is emphasized in the mathematics 
program. . ' 

a. Homework assignments in mathematics extend or 

rcinli)rce the learning in class and are designed to meet 
- the learning needs of the students on jin- individual basis. 

b Maihematrcs homework assignments' conform to a 

schoolwide policy that is understood by students* parcrrts; 
and ^ir teachers, 

c. Mathematics homework is assigned in a way that creates 
a high le\el ol interest and avoids the appearance ol > 
serving as a punishment for not completing the work in 
^ class 



Calculators and Computei^ (Sec page 36 in the text ) 

The malhemaiks prof^ram provider the following: 

20. (^ijculators and computers are used in a variety of 
wavs to stimiilate and reinforce learning, 

a Calculators and computers arc used m the classroom to 
achieve niaihematical learning ohjectives, including 
computing skills 

h Ihrough varied and creative learning activities^ students 
understand the important role ol calculators and 
computers m solving prt)blems and in preparing (or 
cafcers 



.21. Students learn to estimate answers and to be precise 
with the operations on calculators and eompirfers. 

a Students are provided wcll-planneit instruction in the 
skills demanded lor the effective operation of calculators 
and computers 

b Instructional materials for calculators and computers arc 
selected on the basis of established learning oinpctivcs 



Support foi' Implementation of a Quality 
Matheftiatics Program 

The School Cliinate (See page 39 in the text.) 
The mathematics program provides the JoHowirtg: 



Some* 

whai • rrr 

hr/fn- rfftK hift^ rfjr< 

tt>t fhr thf «»f 



22. Ihcrc IS a elimaic of achievcmMiP^flirprodu^^ at 

the school site. \ 

a The niathcmiHics progr.im needs are reslevNed regularlv hv 
a li>tal plannm^ ctimmitiec composed oi feprescntativcs 
Irtmi all parts ul the school communitv. 

h Manv sources ol information ahmit mathematical skills 
necdetf t>iitside the school are used in asscssinf^ the 
elleuneness ot the mathematics program 



23. Parents and commuriily members have mans 
opportunities to become involved in the school 
. mathematics program . ^ 

a I lives ol communicatioji are established thrt)ughtiut the . 
school lommunitv inr lindmg vsa:vs to irnpiotc the 
mathematics program 

■ h Vians opportunuies are provided tti help parents heunne 
mlormed about and be inNolvcui \n their whildN progress 
in mathematics. 

I t>c4il business people anti communitv kNiders ,jre in\olved 
in planning and implertienting the school mathemaiKs 
program ^ ^ 



. : , „. ' 

24. Ihc district admirii,straii(vn provides coordmatjon (or 
the development and implementation o( a 4iigh quality 
mathematics\program, 

,1 Iniormation about distnctdcvcl assistance is. rcadilv 
, av.ul.ible (or planning .md implementing the scht)oMevel 
mathematics program 

h Ihc district administration provides opportunities lor 
articulation and coordination ol the mathematics progr,im 
among the schools to ensure continuity of learning 
experiences {or siuilents as thev progress through the 
grades 

J)isirKi«levcl coordination of special pti)grams and 
lunthng sources )s available to ensure that each student's 
mathematics program meets his or her learning needs 



03 < 
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staff Development (See page 45 in the text.) 
The mathematics program provides the following: 

25. The staff is given opportunities to develop new skills, 
practice hew techniques, and discuss critical issues. 

a. Staff 'development activities for mathematics are planned 
by a widely representative group' and given a high priority 
in the school program. 

b- Teachers of all subject areas are encouraged to extend 
their knowledge of mathematics'and to improve their 
sskills in teaching mathematics. 

C. Teachers of mathematics at the secondary level ara 
' encouraged to improve their teaching skills for the 
nonmathematical learning needs of their students. 

d. Staff development activities include curriculum planning 
by 'teachers withi^ a ri^^ across grade Fevels and courses. 

e. Information about many types of staff development 
opportunities in matherha^tics is compiled from many 
sourcies; supplemented, as needed, with locally planned 
activities; and made available to teachers in a timely 
manner. - 



Some- 
what 

Intffec' fff ac- 
tive five 



Effec- 
tive 



26. Staff development programs are built on assessments of 
learning needs. 

a. The planning for staff development activities is abased 0|i 
a continual and thorough assessment of the learning 
needs in mathematics of students, past and present. 

. • b. The staff development activities provide for participant 
evaluation, and the fesults of such evaluation are 
considered when later activities are planned. • a 



27. Many resources an^Nopportunities are used 4o maintain 
staff development goals. 

a. The staff devdopment program includes an evj^luation of 
its effect on teaching skills and student learning. 

b. Information and publicatiprl from mathematics teachers* • 
organizations and other mathematics-- programs are m^de 
available to all teachers. 

c. The district administration provides assistance in planning 
and implementing staff development programs. 
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A Sample Continuum of Mathematical 
Skills and Concepts 



This snnfpk conliniium is based on the mathematics content 
section oKthc "Criteria for Evaluating Instructional MateriaLs in 
Mathematics (K .8)/' which was axiopted by the California State . 
Board of Education on iVIarch 13, 1980, and appears in the 
\fatliei7ia(ic.s Framework and ihe 1980 Aclclcnclum for California 
Puhlit \Sclu)ols. It includes the mathematical skili.s and concepts in 
seven major categories, as prescribed for California public schools, 
kindergarten through grade eight, by the State Board of Education. 

I he skills and concepts are not presented here as measurable 
learning objectives, thereby permitting a broad interpretation of the 
mathematieal level of each skill and concept. Every mathematics 
program should include these skills and coneept,s^^ifrTts "core" of 
instruction, and, if other factors are constant, the higher the level, 
the better the program should be. 

The suggested level of treatment of these skills an'd concepts is 
indicated by the following code: 

A Introcfucc the topic, develop .awhrcnc:ss, and explore applieations of the 
skill conecpt. 

fi (iain a basic unders'tanding or eompetehee, wiih the skill cnneept v 
demonstrated, when some eluc^s and assistance arc provided. ^ 

C Oemonstraic comprehension, unaided, through consistent performance 
(say, 75 percent) on tests or applieations of the skill 'concept. 



Suggested level of treiUment, 
by grade level 



Skill or concept 


K-3 


4-6 


7-8 


9-12 


A. Arithmetic, Numbers, and Operatiohs 






I 




t. One-to-one correspondence, number, counting, and order 


c 


C 




c 


2. I he. number line and the coordinate plane 


B 


B 


c 


c 


3, Positive and negative numbers ^ 


A 


B 


, c 


c 


4. Decimal notation and computation* with decimals (prior to formal 
computation with numbers'in fraction form) . ' 


A 


B 


c 


c . 


5. Memori2ation and use of basic 'arithmetic facts of addition and 
multiplication 


A 


C 


c 




6. Addition in the development of the operation of subtraction 




B * 


c 


c 


7. Subtraction and multiplication in developing the operation of 
dfvtsion 


A 


B 


c 


c 


S. F'Cjuality and order relations 


A 


C 


c 


c 


9. Properties of operations^ in the development of computation skills 


A 


B 


B 


c 


10, f'Icmoniary number theory concepts 


A 


B 


c 


c 


r L Skills of £t)^jputatton wt^^ • 


A 


B 


c 


c 


12. Selection of the appropriate operations for given situations 


B ' 


C 
(> 


c 


c 


li Mental arithmetic 


'B 


c 


c 


c 


14, Place value in the decimal numeration system 


B 


c 


c 


c 



/ 





Suggested level of ircaimcni. 
by grade itvcl 


Skil) or concept 


K-3 




7-S 


9-12 


15. Exponential and scientific notation 


- 




B 


c 


16. Ihc real number system 






A 


c 


17. Ratio, proportion, and percent 




Q 


c 


c 


IK. Rounding' oil' numbers and estimation skills 


J 
.*i 




(' 




R /"* fkft m <*f r V » 
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• 






!9. Intuitive, informal geometry, utilizing environmental models 


A 




c 


c 


20. Similarity and L'ongruenec 


A 


n 


B 


c 


21. Parallelism, perpendicularity, and skewness 




% 


B 


c 

f 


• 22. C'lassiliL*ati()n ol geometric shapes ^ 


a' 


n 


8 


c 


XtJt V^SC UI gCUIIIClllC 1 llall Ulildll5 '« 




A 




c 


'^4. C (Hist ruction of three-dimensional models " 




A 


B 


c 


25. Length, circumference, perimeter, area, volume, and angle measures 

\jI J>1II1 UlC KCUIIldl I^ IIUUIvA 


A 


B 


B 


c 


."^A 1 n'fl 1 Tf'i't nif*'j I ri* m 1* n f iwifl fn(» I^vf nil f 'irpfi n ffirmil n 

II1U.IICLI, IllLdilllLlllLIll (IIIU lll^ I ^lIUl^l/lLilIl i\r \ IllUlcl 




A 


B 


c; 


27. Elementary coordinate geometry 




A 


B 


c 


' C\ Measurement 








■ 


28. Measuring familiar objectives through ''*hands-on'- experience 


A 


B 


C 


c 


29. Arbitrary units for measuring {preeeding instruction in standard 
f units) 


n. 


■ 






30, Standard units as a uniform way of reporting measurements 


A 


B 


C 




31. rndersianding the structure oi and using the metric system of units 
{Slj 


A 


a 


* (* 


(' 


32. Convenient references for metric units without computational 
eonversions between the U,S, customary units and SI units 


A 




^ c 




VV J'racticc with the numerical values ol the metric prelixes 




A 


B 


( 


,34. Estimating distance, area, volume, mass, and temperature in metric 
units 


A 


B 




c 


>* i\L(iUIIl^ MI]|}JlL nii-il ill 1 111^ J IIMJ UIllLlH^ (> 1 1 (.1 IIIL il p [ M U A 1 1 1 1 l1 I L niiLUIL 

ol nicNLsuiement 


.'\ 


ly 

n 


B 


(' 


:^6. Scale drawings and maps 


A 

A 


D 


r 


r 


c "^7. f ormulas (or determining fieri meter, area, and volume 




li 


C 


C 


1/, \ alLlll«iM>r> dlHJ V lllll|>llltr> 










38. Esl^imation 




c . 


C 


c 


39. CalcHilating +, \ X, r 


n 


c 




c 


40. Immediate feedback 


B 


c 


c 


c 


41 Rnnforcement ol number* relationships 


B 


c 


T 


c 


42, Exploring number patterns 


^ 1 


B 


C 


c 


4"^ Motivation and enrichment ' ^ 


A 


n 


c 


c 


44. Extended application problems to develop concepts that are normally 
obscured by. tedious computations 


A 


B 


c 


c 


4.^. IVoviding integrated curriculum opportunities 




A 


B 


c 


46. Working knowledge of the functions, logic, and mechanics 


■ 


A 


B 


c 


4"?. Historical perspective 






A 


B 


48. Order properties 




B 


C 


c 


4^} Programming and flow charting 


■ 


A 


B 


c 



/ 
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Suggested level of'-trcairticnt, 
by grade level 



Skill or concept ' 


K-3 


4-6 


7-S- ; 


9-12 


^10 IS^aitkiikifl i%f ti9Jt' in <A^r*tv ; > . . 

x' - • ' ' ' 


A 




B 


c 


K. Probability and Statistics . 










St. Coifccfiiif , oitanizing, dnd ri5{)ic$eiitidg daU delved from rea|»ltfe 


A 


B 


g 


c 


52. ■ Ircc diagriimming and couniihg procedures for sample spaces 


A 


B 


C " 


c 


53. Permutations (ariangeihenU> ami combiiiitions (set^ 




A 


B 


C 


54. Making guesses about patterns or trends in data ^ 


A 


B 


C 


c 


55-. Sta.ti<ktical inferences 

> .. . 


A 


B 


o 


> C V 


.>\i. TtilivJUi i 1 1 V. (1 .ilJ I L 7) Kll Lvilllldl iLIIU^IICj^ illlU U 1 pC I '1 K/ 1 1 










Jf» CrlCliiClllUiy IcUIIWviriS ill ytvlHlWHiy 




M 
*o 


n 
o 


w 
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ti 




F. Relatkms and Fuactiom ^ 










59. Construciing and interpreting tables, graphs, and schedules 


A 


B 




c 


60, Mappings^ correspondences^ ordered pairs, ajid ''rules'* leading to the 
concept of a mathemaiicaJ relation 


. A 


■ • 

B 


B 


c 


61. (he function concept and function notation 




A 


B 


c 


62, A function in nuithematical appli<:ations 




A 


B 


c 


Patterns and relationships and forming generalizations 


A 


B 


B 


r 


G. Logical Thinking 










develop elementary reasoning patterns 


A 


B 


B 


r 


6S« Triai and error strategies ^ ^ 


A 


B 


C 


c 


66. Applying reasoning ptTKerns to nonmathematical situations, such as 
advertising 




A 


/y. 


c 


67. Direct and indirect reasoning patterns, .1 | 






- - B ■ 1 




68. Inductive and deductive reasoning patterns * 




A 1 




c 


« 69. Sentences using: £rrre/> or, not, (f.,^ifm, all, sini som^ 






B 


c 



11? 
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Competencies in Mathematics 
Expected of Students Planning to 
Enroll in a College or University 



EDITOR'S NOTE: Because of the widespread concern that students 
enrolling in the colleges and universities in California are under prejgKed in 
English and mathematics, the academic senates of the <'alifornia Community 
Colleges, the California State University, and the University of California 
took pn official position on the matter early in 1982. In their statement the 
three senates outlined the problem and made six recommendations, which 
are cited on page I5u)f this handbook. Then they outlined the specific 
competencies that "represent the core of the necessary skills in English and 
mathematics needed by entering college freshmen. " Their recommendations 
for mathematics follow. - . 



MATHEMATICS 



As both th^ Mathematical Association of Amcricayand the 
National Council of Teachers of Mathematics have noted, "Mathe- 
matics is a highly structured subject in which various concepts and 
techniques arc highly dependent upon each other." Reflecting this, 
the mathematics curriculum in high school and college consists of a 
sequence of courses, each with specific topics to be learned, to 
enable students to build upon their skills and understanding of 
mathematical operations. Students who have not acquired adequate 
skills^ and understanding at one. course level will find it exceediilgly 
difficult to comprehend the course content in the next.: 

The amount of recommended high school preparation in mathe- 
matics for collcge-b()und students depends^^^^^^^^^^ of 
study to be pursued In college, regardless of any specific college ot 
university admission requirement in mathematics. Students who plan 
to rx^)or in a physical or life scieR<fc, engineering, pre-jnedicine, 
Oth^ science-related fields, business, or economics shoOld prepare for 
the college-».level calculus rey^uirement in these majors by taking four 
years of mathematics in high school and additional mathem'^tics 
courses if available. Many majc^rs in the social sciences or other 
professional and pre-professional fields require baccalaureate-lever 
statistics or calculus, sometimes both. Three years of high school 
mathematics are frequently required as preparation for statistics. 1o 
enable students to have full access to college and university-^ 
programs and career opportunities, it is recommended that all 
college-bound students master the skills and techniques of high 
school mathematics through intermediate algebra. This means thai 
all prospective college students should take as a mmimum full-year 
courses in elementary algebra, geometry, and inte/mediate algebra. 
Students who must take intermediate algebra in college; cannot 
expect to receive credit toward graduation for this.course: it is 
considered remedial at the baccalaureate level. 

Students entering the California Statu University and many 
students entering certain progrj^ms in the U'Fiiversity of California are 
required to take a diagnostic test in mathematics. Those stuclenis 
who do not demonstrate an acceptable level of proficiency will be 
required to take remedial course work, to overcome their deficiencies. 



er|c 



A mathematics doursc in the senior year of high school is, therefore, 
recommended to prepare students for these diagnostic tests. 

The ibllowing recommendations for college-preparatory programs 
in mathematics have been developed in cooperation with the 
UC CSU Workgroup on Diagnostic Testing in Pre-Ca]^lus 
Mathematics, which includes teachers of mathernatlcs from California 
high schools and community colleges: 

1. Students should begin the study of algebra only after they have 
mastered arithmetic and the general mathematical skills outlined 
below in Section I. 

2. All college-preparatory students should complete Algebra I, Gcom- 
etry» and Algebra II. Content recommendations for these courses arc 
contained in Section II. 

^ Students who intend to pursue a baccalaureate degree in fields 

requiring the study of calculus should- complete the courses in trigo- 
nometry and (in) analytic geometry and mathematical analysis, as 
outlined m Section 111. 

4. All college-preparatory students should take a mathematics course 
during their senior year of 'high school, f his course could be Algebra 
II or a more advanced course, depending on the student's back- 
ground. Suggestions for advanced courses are contained in Section 
IIL 

5. All mathematics courses should emphasize problem solving. Students 
should be graded on their ability to solve problems correcjly and to 
display problem-solving processes in a clear, complete, and accurate 
manner. 

6. Computers and hand calculators should bosused in imaginative ways 
to reinforce learning and to motivate students as proficiency in 
mathematics is gained. Students should develop adequate arithmetic 
skills in order to avoid reliance upon calculators for simple numerical 
computations, (Calculators should be used to supplement rather than ■ 
to supplant thie study of necessary computational techniques. 

7. Fach college-preparatory mathematics course should include a com- 
prehensive linal examination. 

K. All college-bound students should receive diagnostic assessment at the 
end of their junior year. F'Xa minationv used for this purpose for 
example, those developed by the UC CSU Workgroup on DiagnO^c 
lestmg in Pre-(*alculus Mathematics or similar instruments should 
measure achievement levels necessary for success in college mathe- 
matics and should provide guidance as to the selection of proper 
mathematics courses in the senior year 

9 Calculus, when taken by high school students either at their high 
^school or «it a ncarbv college, should be taken only by those students 
who are sironglv prepared in algebra, geometry, trigonometry, and 
coordinate geometry, iind who can demonstrate the mastery of these 
subjects F'hc calculus course should be a full-year course and, if 
offered in high school, should prepare the enrolled students to take 
one of the College Board's Advanced Placement Calculus 
f xamtnations ' ^ ■ 
10 rnderstanding the application of mathematics to i^cas such as the 
phvsical. btolo^^ical and social sciences, and business should be 
encouraged 

I I lo the extent that familian/ation with* the computer is part of the 
high school mathematics program, such orientation should cmphasi/e 
mathematical applications and should not displace essential mathe- 
matics topics or courses 

The following constitutes a more detailed specification of the 
topics to be covered and the skills to be developed in prc-high 
school and high scliool mathematics courses. 



All mathematics courses should 
emphasize problem .io/rm^. 
Students should be f(raded on their 
ability to solve problems correctly 
and to display f}roblcyn'Solvtnf( 
processes in a clear, complete, and 
accurate* manner. 
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The following basic arithmetical skills should be introduced and 
developed without the use of a calculator. These skills can then be 
extended and new mathematics topics learned by effective use of a 
calculator. The following list highlights major areas. This presen- 
tation is not as detailed as that employed for the high .school 
program in Sections II and III. 



• Computation with whole numbers, fractions, and decimals " 

• Understanding the meaning of fractions, decimals, and percent and 
their relationship to one another 

• Iranslation of situations and verbal problems into mathematical 
statements 

• facility in rounding, approximation, and numerical estimation; 
appreciation of reasonablcnevs of numerical answers 

• Understanding and use of basic anthmetic properties 

• Use and interpretation of graphs and tables 

• Computation with positive integral exponents and stjuare roots of 
perfect squares 

• Computation of perimeters, areas, and volumes of simple geometric 
figures. 

Sf^ten II* TToftei t0r 1* IndiiM In Alifttm h 

All college-preparatory students should complete courses (here 
called Algebra I, (icomctry. Algebra II) which cover together all the 
'topics listed below. I he division of topics among these courses is 
not meant to be rigid. Certain topics may be introduced earlier or 
later. 1 opics introduced in one course should be reinforced in later 
courses. Applications and problem soUing should be cmphasi/cd 
throughout. 

• ArithnKtie operations amJ ahsoiute values ol positive iind. negative 
rational nunihers 

• Arithmetic operations with hteral svmhols 

• I inear equatiotis and their graphs 

• Inequalities 

• Ratio, proportion, and variation 

• Operations with integer exponents 

• Operations with polvnomials and rational expressions 

• Svstcms ol linear equations with two unknowns, solutions and 
applications 

• Special products anti hicttirmg 

' • Solution ol quadratic equations hy lactofing and lornuila 

• SoUuion of elementary word problems 

• Application of formulas for perimeter areas, and volumes ol simple 
geometrK ligures 

• O'fomrfry 

• \ xtensive rctnlorcement of the algchraic skills developed in Algebra I 

• Basic postulates oj I uclidcan getimetrv, proofs ol geometric theorems 
Angles, parallel lines, congruent and similar triangles, rectilinear 
figures, circles and arcs, Pvthag(irean theorem 

• Application ol (ormulas loi perimeters, ureas, volumes, and surface 
areas of geometric figures 

• (icometric constructions, loci > 

• <^)ordinatc geometry, proofs ol geometric theorems hv coordinate 
geometrv methods 



• Right triangle irigonomciry 

• Solution of elementary v^ord problems 

• Intuitive spatial geometry 

• Aigebra II 

• Simplification of aigebraic expressions 

• hractiOfial exponents and radicals ^ 

• Absolute value and inequalities . 

• Opera.tions on polvnomiajs* 

• OuadraLic equations, completion of the square, quadratic formula, 
properties of roots ^ 

• Complex numbers 

• Quadratic inequalities 

• (iraphing linear and quadratic [unctions and inequalities, 
dctcrnnination and interpretation of slopes 

• Solutions oj equations VMth lational expressions 

• Svstcius ill linear equatu)ns vsith tv\o and three unknowns: 
homogcnciuis. dependent, and inconsistent systems 

• Polvntmiial equations 

• Binomial theorem 

• ArithnictR and geometric sequences and series 

• f xptiricruial and logarithmic functions an^l equations 

• I he function concept, including compositions and inverse fututions, 
arithmetic operations on junctions ' 

• Solutum ol v^iird problems, mcliiding estimation and approximation 

AH c()lkgc*bt)und students should take a mathematics course 
dunog the senior year of high school. I he mathematics studied 
during the scriior vear should reflect the students college plans as 
v^cll as mathematical ability and attainment. 

Students who plan to take calculus in college should complete 
Algebrlt II prior to^the twelfth grade I hcse students also sh(Uild 
lake a semester course in trigonometry followed by a semester 
c(JUfsc in analvtic geometry and mathematical analysis, I hese courses 
shouhl include the topics listed below. 

Students entering fields requiring probability and statistics may 
elect such a course as an alternative to the course m analytic 
gcomctfv and mathematical analysis Computer science is a suitable 
elective for those planning to enter fields requiring extensive 
laniiliaritv with computing ^or strongly prepared students who have 
completed analvtic gcometrv and mathematical analysis, a year 
course in calculus leading to one of the advanced placement 
cxarTiinations of the College Board is recommended, Other eleciives 
include linear algebra and integrated courses in science and 
mathematics lopic descriptions for elective courses are not included 

• frifonometry forte tfmt%tfr) 

• 1 rigonomctrK (unctions as ratios of lengths of sides of triangles and 
as i.ircular luncUons 

• (ifaphKal charaticristits of trigonometric /unctions 

• Suluiion of right triangles * 

• Radian and degree measure 

• [figonomcirR identities, including double angle, half angle, and 
addition formulas 

• I aWs ol sines and cosines, solution of oblique triangles 

• Kcinforccment of function concept exponential^ logarithmic, and 
trigonometric functions 

• inverse trigonometric functions and their graphs 

• Soluiicm of trigonometric equatH>ns 



Mi colle^t*''f>ri'f)nrator\ %iu(lvnt3 
jihoiild tnkv a mothvmot id course 
(iiirinf( thrir jivnior x'or of hifi^h 

'i(f(ebro tl or a more nitvoriced 
coiir%*\ dvf>eri<llnf( on the Hide fit '3 
hnck((rotind. 
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• Polar coordinates and vectors 

• 1 rigonometric form of complex numbers and dc Moivrc'.s theorem 

• Analytic geometry and mathematical analysis (one semester) 

• Coordinate geometry, including detailed treatment of conic .sections 

• Rational functions and their gra^phs 

• f lementary functions and their inverses* including graphs of these 
functions ' 

• Review of polar coordinates and vectors 

• Graphing in polar coordinates 

• Introduction to linear algebra 

• Mathematical induction 

• Parametric equations and their graphs 

• I ines and planes in space; three-dimensional coordinate geometry 

• Introduction to vectors in space 



Y'ou who use (he Handbook for 
Planning an Kffeclivc 
Ma I hematics Program are the 
criiicai and final links in a 




Other Publications Available from the Department of Education 



The Handbook for Planning an Effeciive Mathematics Program is one of 
approximately 500 publications thai arc available from the California. State 
Department of [education. Some of the more recent and more widely used 
publications and those pertaining to mathematics are the following: 

Accouniing Procedures for .Student Organi/aiions (1979) $1 '50 

\ Bilingual Program, Policy, and As^ssment Ksucs (1980) T25 

U'alifornia Private School Dircciory 900 

\sthfornia Public School Directory > 12 50 

( aliTocnia School Accounting Manual (1981) ' 2.50 

CalilorniaN I>cm(>n!»ira(ion Programs iri Reading and Mathcmaiics {)9H0) 2 00 

(atalog of Instructional Materials in Mathematics fl9Kl} 2 50 

Directors of Txemplary Mathetrialics Programs in Calilornia (1971) HS 

Discussion (luidc lor the California School Improsemcnl Program (l'>7H) 1.50** 

District Master F*lan for School Improvement (1979) - I *»0* 

•fdiJcation of (iillcd and Talented Pupds (1979) 2 50 
Istahlishing School Site Councils. Ihc Califtirnia Schtiol Impiovcmcni 

Program (1977) . . l .^O*^ 

f i^rcign language f raiiKWOrk for California Puhlic Schools {19K0) ' 2/50 

(juidc to School and Community Action (!9K1) 1. 75 

(Miidelines lor SchooMiascd Alcohol and Drug Ah use Prt)grams (19HI) I- 00 

Handhook lt)i Planning an Mfcctivc Reading Program (1979) ^ 150* 

Handhook lor Planning an Ufectnc Writing Program (19H2) 2 00* 

Mistorv Social Science F ramc^*ork for California Puhlic Schi)ols (19H1) 2.2 "5 • 

Improving ihc Human I nvironmcnt ol Schools (1979) 2 50 

In service (juide for leaching Measurement: Ihc S' MctrK Sssicin (I97M 1 25 
Interim (niidelines lor \ valuation ol Instructional Materials VMth Rcspcst 

to Social ( onlent (19Hj) . I M) 

Manual of first Aid Practices (or SchooVHuv Dnveis (19H0) 1 25 
MathcmalKs I raIne^^()rk for ( alifornia ^^ihlic Schot>Is. 

svilh 1980 Addendum (I9H2) . 2 (K) 

MathematKs Scope and Sequence < harts (set tii ii)ur ) (I97S) 1 2^ 

Mtmograph on Staff DeVcropmenl (I9H01 1 50 

Ncv^ Ira in Special f ducation ( alifornia's Master IMan m Action (19H0) 2 00 

Pedestrian Rules of the Road in ( aldornia Primary fdition fl9H0) \M) 

Phvsical I'erhirmansc fcst fur ( alitt>rnia. Revised I dition ( 19H2) J M) 

Plan lor Improving f Icmcntarv M.uhen^atKs ('rograms (1976) 125 
Planning lor Multuultuial I duration as a Part ol School linprovcn\cnt 

tl979) , ^ 

Planning Handhook fl9?H) 1 M)* 

Pfoficjcncv Assessment in ( alifornia A Status Report (19X0) 200 

Proliucncv Skill I )evelj)pmenl Kit (i9K0) ^ *50 

(fitting It logeiheiwith Parents (1979) HV 

Reading 1 ramcwork lor ( alifomia Puhik Schools (|.9H0) 1 7S 
Rrlaijonship Iktween NuiritKm and Student Adiievcmcnt. Behavior 

' and Health (1980) ^ 01) 

Ssicnse idusation for the 19H0S (19H2) 2(H)' 

S<iente I ramew(uk for ( alilofnia Puhlic S«.hools (PHH) I 6^ 
St h<H)l 'Improvement Making (ahlornia I duration Hetiei thfiahiiie) 

rl9H2) N< • 

Student Achievement in ( ahf()rn»a S(.hools f 1 

Siudenlv" Rights and Responsibilities Handhook (19H0) I 

los^ard More Human Schools (1981) I 
Visual and l*erforming Arts irame\sork foi ( aliltirnia Puhlu 

S».ho<>ls (1982) • ^2^ 

Orders should be directed to. 

(alifornia State Departmenl ol Education 
P () Box 271 
Sacramento, C*A 95802 
Remittance or purchase order must accompany order, f^urchase orders 
Without checks are accepted ()n|y from government agencies in California 
Sales tax should be added to all orders from ( aliforhia purchasers 

A complete list of publications available from the Department may be 
obtained by writing to the address listed above. 

♦Developed for implementation of School Improvement 
♦AUo available in Spnni%h al the pntc irtdicntcfi 
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